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1. INTRODUCTION AND PRELIMINARIES 

The most dynamic research subjects in nonlinear sciences is fixed point theory.  The study of fixed 

points of mappings satisfying contractive condition in the area of nonlinear equations has become the 

central issue for several research activity and a number of interesting results have been obtained by 

various authors. The most vital result of this theory is contraction mapping principle and given by 

Banach called the Banach contraction mapping principle. The Banach contraction principle, appeared 

(in explicit form) in Banach's thesis in 1922, when it was used to establish the existence of the 

solution for an integral equation. Banach established how to find the desired fixed point by offering a 

smart and plain technique. This Theorem has had many applications, including establishing the 

existence and uniqueness of solutions of certain ordinary or partial differential equations, and 

providing a different proof of the implicit function theorem. These methods leads to increasing of the 

possibility of solving various problems in different research fields is increased by these plain 

technique. In many abstract Spaces for distinct operators, this result has been generalized.  

Applying mathematics means, in many cases, solving equations. If that is the case, then the important 

thing to know is whether a particular equation has a solution or not. The presence of solutions is 

guaranteed by so-called existence theorems. Existence theorems are often expressed in the form of 

fixed point principles. It is an active area of research with wide range of applications in various 

directions (see, for instance, [30, 31, 32]). 

In 2000, Hitzler and Seda [4] introduced the notion of dislocated metric space in which self distance 

of a point need not be equal to zero. They also generalized the famous Banach contraction principle in 

this space. The study of common fixed points of mappings in dislocated metric space satisfying 

certain contractive conditions has been at the center of vigorous research activity. Dislocated metric 

space plays very important role in topology, logical programming and in electronics engineering (see 

[2]). Aage and Salunke ([5, 6]) established some important fixed point theorems in single and pair of 

mappings in dislocated metric space. Later Karapınar and Salimi [1] discussed the existence and 

uniqueness of a fixed point of a cyclic mapping in the context of metric-like spaces. Many authors 

proved fixed point theorems results for cyclic mappings (see, e.g., [14-29]). Some interesting results 

in FPTA can be seen in ([33-41]). 

Abstract: In this paper, we discuss the existence and uniqueness of fixed of a cyclic mapping in the context of 

dislocated metric space. We consider some examples to illustrate the validity of the derived results of this 

paper. 
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Definition1.1: Let X be a nonempty set. A dislocated metric is function d: X ×X→ [0, +∞) such that 

for all a, b, c in X, following conditions holds: 

(d1) if d(a, b) = 0 then a = b, 

(d2) d(a, b) = d(b, a), 

(d3) d(a, b) ≤ d(a, c) + d(c, b). 

The pair (X, d) is called a dislocated space. In logic programming semantics this results has better 

applications, (see [1, 3]). In this space lots of papers have been published by many authors (see, e.g., 

[see [5-13]). kirk et al. proved generalization of the Banach contraction mapping principle, see ([14]). 

He proved the results for existence and uniqueness of a fixed point of cyclic mappings (i.e. a mapping 

T: A ∪B→A ∪B is called cyclic if T (A) ⊆ B and T(B) ⊆A). 

Theorem 1.2: (See [14]) Let ( )dX ,  be complete dislocated metric space with two non empty A and B 

closed subsets. Suppose that F: A∪B→A ∪B is cyclic with following axiom: 

(C) for all x ∈A & y ∈B, there be a constant k ∈ (0, 1) such that ( ) ( )yxkdFyFxd ,,  . Then F has a 

unique fixed point and that belongs to A∩B. 

In the present paper, we establish the existence and uniqueness of fixed point theorem of a cyclic 

mapping in dislocated metric space with certain properties of this space. Before proving result, first 

we recall some basic definitions and lemmas on the topic. 

Definition 1.3: (See [3]) Let (X, d) be a dislocated metric space and U be a subset of X, then 

1. U is called a d -open subset of X if for all x ∈X there exists r >0 such that Bd(x, r) ⊆ U.  

2. Also, B ⊆X is a d -closed subset of X if (X\B) is a d -open subset of X. 

Lemma 1.4: Consider a dislocated metric space (X, d) with d -closed subset B of X. Consider a 

sequence {xn} in B. If xn→x, as n→∞, then x ∈B. 

Lemma 1.5: Let (X, d) be a dislocated metric space and let {xn} be a sequence in X such that 

i) xn→x as n→∞ and   

ii) d(x, x) = 0 then 

( ) ),(,lim yxdyxd n
n

=
→

,for all y ∈X.  

Lemma 1.6: Let (X, d) be a dislocated metric space. Then  

(A) If ( ) ,0, =nn xxd then ( ) ( ) ;0,, == yydxxd  

(B) If }{ nx is a sequence such that ( ) 0,lim 1 =+
→

nn
n

xxd , then 

( ) ( ) ;0, lim,,lim 11 == ++
→→

nn
n

nn
n

xxdxxd  

C)  If yx  then ( ) ;0, yxd  

(D) ( ) ( );,
2

xx,

1


=

=



ni

i

ixxd
n

d holds for all Xx , xi  , where .1 ni   

We first define the class of Ф and Ψ as:  

Ψ = {ψ: [0,∞) → [0,∞) Such that ψ is non decreasing and continuous} and 

Ф = {φ: [0,∞) → [0,∞) Such that φ is lower semi-continuous}. 

Definition 1.7: Consider dislocated metric space (X, d) and let m ∈ N. Also consider non empty 

subsets A1, A2 ... Am of X which are d –closed and i

mi

i
AY 

=

=
=

1
. Then F is cyclic generalized φ-ψ- 

contractive mapping if 
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i) i

mi

i
AY 

=

=
=

1
is a cyclic representation of Y with respect to F. 

ii) 0)()()( +− sst   for all 0t and 0== t or ss  and ( ) ( ) ( )),(),(),( yxWyxWFyFx dd  − ,    (1) 

iii) for any x ∈ Ai, y∈ Ai+1  i = 1, 2 ,3,…...,m.  Where Am+1=A1,

∈
Ф

, ψ ∈Ψ and    







 ++

=
),(

),(),(
,

6

),(),(),(
,,(),,(),,(max),(

yxd

FyydFxxdFxxdyFydFxyd
FyydFxxdyxdyxWd .  

Let F be a given map from non empty set X to itself. Then set of all fixed points of F will be denoted 

by Fix (F) and is given by  FxxXxFFix == :)( .  

Theorem1.8: Consider dislocated metric space (X, d) with m ∈ N. Also consider non empty subsets 

A1, A2 ... Am of X which are d –closed and i

mi

i
AY 

=

=
=

1
. Suppose F: Y → Y is a generalized φ-ψ 

contractive mapping which is cyclic then F has fixed point in i

n

i
A 1=

. Moreover if for all )(, FFixyx 

, ),(),( xxdyxd   then F has a unique fixed point in i

n

i
A 1=

. 
 

Proof: Let us consider an arbitrary point x0 of Y. There be some 0i such that
00 iAx  . When 

100
)( + ii AAF  we decide that .10 0+

 iAFx  Hence there exist a point 11 0
  + iAx such that 10 xFx = . 

Recursively 1+= nn xFx where .
nin Ax   Thus for  𝑛 ≥ 0 there exist  min ,....3,2,1  such that .

nin Ax   If 

100 += nn xx for some ....2,1,00 =n then it indicates that
0nx is a fixed point of F. Now suppose that if 

1+ nn xx for all n. Hence from lemma1.6(c), we get ( ) 0,1 − nn xxd , for all n. We shall now prove that 

sequence nd  is non-increasing, where ( )1, += nnn xxdd . Imagine that there is some 0n  in N such that

( ) ( )11 0000
,, +−  nnnn xxdxxd .   

Thus we have 

( )( ) ( )( )11 0000
,, +−  nnnn xxdxxd  .                                                (2) 

Now Substituting 1−= nxx and nxy =  in equation (1) together with equation (2) we obtain 

( ) ( )),(,( 11 nnnn FxFxdxxd −+ =  





















 ++


−

−−−−−
−−−

),(

),(),(
,

6

),(),(),(
),,(),,(),,(max

1

11111
111

nn

nnnnnnnnnn
nnnnnn

xxd

FxxdFxxdFxxdFxxdFxxd
FxxdFxxdxxd  





















 ++

−
−

−−−−−
−−−

),(

),(),(
,

6

),(),(),(
),,(),,(),,(max

1

11111
111

nn

nnnnnnnnnn
nnnnnn

xxd

FxxdFxxdFxxdFxxdFxxd
FxxdFxxdxxd  





















 ++


−

+−−+
+−−

),(

),(),(
,

6

),(),(),(
),,(),,(),,(max

1

1111
111

nn

nnnnnnnnnn
nnnnnn

xxd

xxdxxdxxdxxdxxd
xxdxxdxxd  





















 ++

−
−

+−−+
+−−

),(

),(),(
,

6

),(),(),(
),,(),,(),,(max

1

1111
111

nn

nnnnnnnnnn
nnnnnn

xxd

xxdxxdxxdxxdxxd
xxdxxdxxd  


















 ++

 −+
+−

6

),(),(),(
),,(),,(max 11

11
nnnnnn

nnnn

xxdxxdxxd
xxdxxd  


















 ++

− −+
+−

6

),(),(),(
),,(),,(max 11

11
nnnnnn

nnnn

xxdxxdxxd
xxdxxd .                    (3) 

By lemma 1.6(D) we get 

( ) ( ) ( )11 ,,, +− + nnnnnn xxdxxdxxd  
and 
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.
3

),(),(

6

),(),(),(),(

6

),(),(),(

11

111111

+−

−++−−+

+


+++


++

nnnn

nnnnnnnnnnnnnn

xxdxxd

xxdxxdxxdxxdxxdxxdxxd

 

Hence






 ++ −+

+−
6

),(),(),(
),,(),,(max 11

11
nnnnnn

nnnn

xxdxxdxxd
xxdxxd

 

 .),(),,(max

3

),(),(
),,(),,(max

11

11
11

+−

+−
+−

=







 +



nnnn

nnnn
nnnn

xxdxxd

xxdxxd
xxdxxd

 

From equation (3) we have 

( )  ( )  ( )),(),,(max),(),,(max,( 11111 +−+−+ −= nnnnnnnnnn xxdxxdxxdxxdxxd  .  
 

But if   ),(),(),,(max 111 ++− = nnnnnn xxdxxdxxd then  

),(),(),( 111 +++ − nnnnnn xxdxxdxxd  . 

Which is a contradiction, hence we have  

( ) ( ) ( )),(),(),( 111 nnnnnn xxdxxdxxd −−+ −  . for all 𝑛 ∈ 𝑁                   (4) 

By substituting in (4) and using (2) we find that    

( ) ( ) ( )),(),(),(
000000 111 nnnnnn xxdxxdxxd −−− −  .  

This is contradiction. Hence we decide that 1− nn dd  i.e. ( ) ( )nnnn xxdxxd ,, 11 −+  holds for all 𝑛 ∈ 𝑁. 

Thus there is 𝑟 ≥ 0 such that ( ) rxxdd nn
n

n
n

== +
→→

1,limlim . We shall now prove that 𝑟 = 0. For this 

purpose we suppose that  𝑟 > 0. From equation (4) together with the property of 𝜑 𝑎𝑛𝑑 𝜓, we obtain 

that   

( ) ( ) ( )  )()(suplimsuplim)( 11 rrdddr nn
n

n
n

 −−= −−
→→

.   

This shows that 𝜑(𝑟) ≤ 0, and is contradiction. Thus we find that  

( ) 0,limlim 1 = +
→→

nn
n

n
n

ddd .                                                (5) 

Now we shall prove that the sequence {𝑥𝑛} is a Cauchy sequence. To show this first we assume the 

followings claims:  

(K) For every 𝜖 > 0 there exist 𝑛𝜖 𝑁 that if 𝑟 , 𝑞 ≥ 𝑛 with 𝑟 − 𝑞 ≡ 1( 𝑚) then ( )xr xx , .  

Assume that there exist 𝜖 > 0  such that for any n in N, we can find nqr nn  satisfying 

( )
nn rq xxd ,

 
with )(1 mqr nn − .               (6) 

 We now consider 𝑛 > 2𝑚 then corresponding to 𝑞𝑛 ≥ 𝑛, select nr in a way that it is the smallest 

integer with nn qr   which satisfy the conditions )(1 mqr nn − and ( )
nn rq xxd , . Therefore

( ) ;, −mrq nn
xxd by triangular inequality we have  

( ) ( ) ( ) ( )
==

− +−−+−−
++

m

i

rr

m

i

rrmrqrq ininininnnnn
xxdxxdxxdxxd

11
11

,,,, .   

Taking the limit as 𝑛 → ∞ in the above in-equality and considering (5) into account, we find that 

 ( )=
→ nn rq

n
xxd ,lim .                                                 (7) 

Using (d3) we prove that  
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( )
( ) ( ) ( )

nnnnnn

nn

rrrqqq

rq

xxdxxdxxd

xxd

,,,

,

1111 ++++ ++


 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )11

1111

,2,,2

,,,,,

++

++++

++

++++

nnnnnn

nnnnnnnnnn

rrrqqq

rrrrrqqqqq

xxdxxdxxd

xxdxxdxxdxxdxxd
 

Considering (5) and (6) together we get    ( )=++
→

11,lim
nn rq

n
xxd  .                   (8)   

Hence using (d3) we get  

( ) ( ) ( )11 ,,, ++ +
nnnnnn rrrqrq xxdxxdxxd and                                  (9)   

( ) ( ) ( )11 ,,, ++ +
nnnnnn rrrqrq xxdxxdxxd .                                             (10)   

Taking 𝑙𝑖𝑚𝑛 → ∞ in (9) & (10) we have ( )=+
→

1,lim
nn rq

n
xxd .     (11)   

Also by (d3) we get  

( ) ( ) ( )1111 ,,, ++++ +
nnnnnn qrrrqr xxdxxdxxd and                   (12)   

( ) ( ) ( )1111 ,,, ++++ +
nnnnnn qrrrqr xxdxxdxxd .                                (13)   

Taking 𝑛 → ∞ in (12) and (13) we prove that ( )=+
→

1,lim
nn qr

n
xxd .                               (14)  

We know that
nqx and

nr
x  lie in different adjacent labeled sets 𝐴𝑖  &𝐴𝑖+1 for certain interval1 ≤ 𝑖 ≤ 𝑚 

Considering F is a generalized cyclic 𝜑 − 𝜓 contractive mapping together with the equations (5), (7), 

(8), (11) and (14) we find that  

( ) ( )),(),( 11 nnnn rqrq FxFxdxxd  =++  

























 ++


),(

),(),(
,

6

),(),(),(
 ),,(),,(),,(max

nn

nnnnnnnnnn

nnnnnn

rq

rrqqqqrrqr

rrqqrq
xxd

FxxdFxxdFxxdFxxdFxxd
FxxdFxxdxxd

























 ++

−
),(

),(),(
,

6

),(),(),(
 ),,(),,(),,(max

nn

nnnnnnnnnn

nnnnnn

rq

rrqqqqrrqr

rrqqrq
xxd

FxxdFxxdFxxdFxxdFxxd
FxxdFxxdxxd

























 ++


+++++

++
),(

),(),(
,

6

),(),(),(
 ),,(),,(),,(max

11111

11

nn

nnnnnnnnnn

nnnnnn

rq

rrqqqqrrqr

rrqqrq
xxd

xxdxxdxxdxxdxxd
xxdxxdxxd

 

 
























 ++


+++++

++
),(

),(),(
,

6

),(),(),(
 ),,(),,(),,(max

11111

11

nn

nnnnnnnnnn

nnnnnn

rq

rrqqqqrrqr

rrqqrq
xxd

xxdxxdxxdxxdxxd
xxdxxdxxd . 

 

In the last in equality, considering the property of 𝜓 𝑎𝑛𝑑 𝜑 we find that ( ) ( ) ( )−  , this is a 

contradiction. Hence the condition (k) is a satisfied.  

Now Fix 𝜖 > 0, we find that 𝑛0 𝜖 𝑁 such that if 𝑟, 𝑞 ≥  𝑛0  with  𝑟 − 𝑞 ≡ 1 (𝑚) ( )
2

,


qr xxd  . (15)   

We know that ( ) 0,lim 1 =+
→

nn
n

xxd , we also get 𝑛1𝜖 𝑁 such that ( )
m

xxd nn
2

, 1


+ .   (16) 

For any 𝑛 ≥ 𝑛1. Assume that 𝑟 , 𝑠 ≥ 𝑚𝑎𝑥{𝑛0, 𝑛1} and 𝑠 > 𝑟; there exist  mk ,.......3,2,1  such that

)(mkrs − . Hence )(1 mrs +−  , for 1+−= km , So we have for  mj ,.......3,2,1 , )(1 mrjs −+ , 

( ) ( ) ( ) ( )ssjsjsjsrsr xxdxxdxxdxxd ,.......,,, 11 +−+++ +++ . 

From the last inequality and using (15) & (16) we have 

( ) =


+





+



m

m
m

jxxd sr
2222

, .  
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This shows that sequence {𝑥𝑛} is a d –Cauchy sequence. Since ∈ is arbitrary there fore sequence {𝑥𝑛}  
is a Cauchy sequence. As Y is d-closed in ( )dX ,  then ( )dY,  is also complete there exists 

i

m

i
AYx  1=

=  such that xxn
n

=
→

lim  in ( )dY,  and ( ) ( ) ( ) 0,lim,lim,
,

===
→→

mn
nm

n
n

xxdxxdxxd .  (17) 

We now prove that x is a fixed point of F. The sequence {𝑥𝑛}has infinite terms in each 𝐴𝑖for

 mi ,.......3,2,1  because xxn
n

=
→

lim  and i

m

i
AY  1=

=  is a cyclic representation of Y with respect to F.  

Assume that 1,  + ii AFxAx , we consider a subsequence {𝑥𝑛𝑘} of {𝑥𝑛} with 1− in Ax
k

 . Using the 

contractive condition we are able to find  

( )
























 ++


),(

),(),(
,

6

),(),(),(
),,(),,(),,(max),(

k

kkkkk

kkkk

n

nnnnn

nnnn
xxd

FxxdFxxdFxxdFxxdFxxd
FxxdFxxdxxdFxFx 

























 ++

−
),(

),(),(
,

6

),(),(),(
),,(),,(),,(max

k

kkkkk

kkk

n

nnnnn

nnn
xxd

FxxdFxxdFxxdFxxdFxxd
FxxdFxxdxxd ,   

Taking limit as 𝑛 → ∞ and using xx
kn → , lower semi-continuity of φ we have

( ) ( ) ( )),(),(),( FxxdFxxdFxxd  − .  

Hence 0),( =Fxxd and thus x is a fixed point of F. It remains to show the uniqueness of fixed point. 

Let’s assume 𝑦, 𝑧 are two distinct fixed points of F in X. By cyclic property of F and using the fact 

that 𝑦, 𝑧 ∈ 𝑋 are fixed points of F, we have i

m

i
Ayx  1

,
=

 . Assume that 𝑥 ≠ 𝑦 and for all ),(, FFixwu 

( ) ( )uudwud ,,  . By the contractive condition, we get 

( )

;
),(

),(),(
,

6

),(),(),(
,,(),,(),,(max

),(

),(),(
,

6

),(),(),(
,,(),,(),,(max),(





















 ++

−





















 ++



yxd

FyydFxxdFxxdyFydFxyd
FyydFxxdyxd

yxd

FyydFxxdFxxdyFydFxyd
FyydFxxdyxdFyFxd





 

 

 ( ) ( ) ( ).),(),(),( yxdyxdyxd  −  

This is a contradiction, hence ( ) zyzyd == 0, .  

 If in theorem 1.8 we take 𝐴𝑖 = 𝑋 for all  0 ≤ 𝑖 ≤ 𝑚, then we deduce the following theorem. 

Theorem 1.9: Let (X, d) be a complete dislocated metric space with self map F on it. Suppose that 

there exist  ∈Ф, ψ ∈Ψ such that for all Xyx , we have 

( ) ( ) ( )),(),(),( yxWyxWFyFxd dd  − ,where 







 ++

=
),(

),(),(
,

6

),(),(),(
,,(),,(),,(max),(

yxd

FyydFxxdFxxdyFydFxyd
FyydFxxdyxdyxWd .  

Then F has a fixed point. Also F has a unique fixed point, if ),(),( xxdyxd  , for all )(, FFixyx  . 

If we take tt =)( and ( ) ; 1)( trt −=  where  )1,0r  in theorem (1.8), then we obtain the following 

result.   

Corollary 1.10: Let (X, d) be complete dislocated metric space and let m ∈ N.  Lets consider non 

empty d –closed subsets of X be A1, A2 ...  Am and i

mi

i
AY 

=

=
=

1
. Assume F: Y → Y is an operator such 

that  

i) i

mi

i
AY 

=

=
=

1
is a cyclic representation with respect to F of X. 

ii) There exist
 )1,0r

 such that,  
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;
),(

),(),(
,

6

),(),(),(
,,(),,(),,(max),(







 ++


yxd

FyydFxxdFxxdyFydFxyd
FyydFxxdyxdrFyFxd

 

 

for any x ∈ Ai, y∈ Ai+1, i = 1, 2, 3 ... m and Am+1=A1 .Then F has a fixed point i

m

i
Az  1=

 . Also F has a 

unique fixed point if ),(),( xxdyxd  for all )(, FFixyx  .
 

Example 1.11: Let X= R with dislocated metric space with ( )








=  
2

  ,
2

 max,
yx

yxd , for all x, y∈ X. 

Assume  0,21 −=A and  2,02 =A & i

i

i
AY 

2

1

=

=
= . Define F: Y → Y by 𝐹𝑥 = {

𝑥2

8
         𝑖𝑓 𝑥 𝜖 [−2,0]

−𝑥

5
         𝑖𝑓  𝑥 𝜖 [0,2]

 

It is clear that i

i

i
A

2

1

=

=
is a cyclic representation of Y with respect to F. Let  0,21 −=Ax and

 2,02 =Ay then 

  

( ) ( )yxd
yxyxyx

yx
yx

dFyFxd ,
2

1

2
,

2
max

2

1

4
,

4
max

10
,

16
max

2

5,
2

8max
5

,
8

,
2

2
2
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 −

=












 −
=  

and so 






 ++


),(

),(),(
,

6

),(),(),(
,,(),,(),,(max

2

1
),(

yxd

FyydFxxdFxxdyFydFxyd
FyydFxxdyxdFyFxd .  

Hence the condition of corollary (1.10) (theorem 1.8) holds and F has a fixed point in 21 AA  . Here x 

= 0 is a fixed point of F. 

Example1.12: Let X= R with dislocated metric space, ( )   y,x max, =yxd , for all x ∈ X.  Assume 

 0,11 −=A and  1,02 =A & i

i

i
AY 

2

1

=

=
= we define F: Y → Y by 𝐹𝑥 = {

𝑥2

2
         𝑖𝑓 𝑥𝜖[−1,0]

−𝑥

4
                 𝑖𝑓𝑥 𝜖[0,1]

 

It is clear that i

i

i
A

2

1

=

=
is a cyclic representation of Y with respect to F. Let  0,11 −=Ax and

 1,02 =Ay then 

( )     ( )yxdyxyx
yxyxyx

dFyFxd ,
2

1
,max

2

1
,max

2

1

2
,

2
max

4
,

2
max

2
,

2
,

22

−






 −












 −

=












 −
=

, 

and so 






 ++


),(

),(),(
,

6

),(),(),(
,,(),,(),,(max

2

1
),(

yxd

FyydFxxdFxxdyFydFxyd
FyydFxxdyxdFyFxd .  

Hence the condition of corollary (1.10) (theorem 1.8) holds and F has a fixed point in 21 AA  . Here 

𝑥 = 0 is a fixed point of F. 

In corollary 1.10, if we take Ai = X for all 0 ≤ i ≤ m then we obtain the following corollary. 

Corollary1.13: Let (X, d) be a complete dislocated metric space with self map F on X. Suppose that 

there exist )1,0[r such that 

;
),(

),(),(
,

6

),(),(),(
,,(),,(),,(max),(







 ++


yxd

FyydFxxdFxxdyFydFxyd
FyydFxxdyxdrFyFxd                                 

holds for all Xyx , then F has a fixed point. Also F has a unique fixed point, if ),(),( xxdyxd  , for 

all )(, FFixyx  . 

Example1.14: Let X= R with dislocated metric space with ( )  y x,max, =yxd , for any x ∈ X.  Let F:  

X → X be defined by 𝐹𝑥 =

{
 
 

 
 
𝑥

6
           𝑖𝑓 0 ≤ 𝑥 <

1

2

𝑥2

5
         𝑖𝑓 

1

2
≤ 𝑥 ≤ 1

𝑥

7
                 𝑖𝑓 𝑥 > 1
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Proof:  We consider the following cases to prove the existence and uniqueness point of F 

Let 0 ≤ 𝑥   , 𝑦 <
1

2
 then  

( )     ( )yxdyxyxFyFxd ,
2

1
,max

2

1
,max

6

1
, ==  

Let 
1

2
≤ 𝑥   , 𝑦 ≤ 1 then  

( )       ( )yxdyxyxyxFyFxd ,
2

1
,max

2

1
,max

5

1
,max

5

1
, 22 ==  

Let 𝑥, 𝑦 > 1 then  

( )     ( )yxdyxyxFyFxd ,
2

1
,max

2

1
,max

7

1
, ==  

Let 0 ≤ 𝑥 <
1

2
 𝑎𝑛𝑑 

1

2
 ≤ 𝑦 ≤ 1 then  

( )   ( )yxdyx
yx

FyFxd ,
2

1
,max

2

1

5
,

6
max,

2

=












=  

Let 0 ≤ 𝑥 <
1

2
 𝑎𝑛𝑑 𝑦 > 1 then  

( )   ( )yxdyx
yx

FyFxd ,
2

1
,max

2

1

7
,

6
max, =









=  

Let 
1

2
≤ 𝑥 ≤ 1 𝑎𝑛𝑑 0 ≤ 𝑦 ≤

1

2
 then  

( )   ( )yxdyx
yx

FyFxd ,
2

1
,max

2

1

6
,

5
max, =









=  

and so 

( ) .
),(

),(),(
,

6

),(),(),(
,,(),,(),,(max

2

1
,







 ++


yxd

FyyFxxdFxxdyFydFxyd
FyydFxxdyxdFyFxd



  

Thus all the condition of corollary (1.13) (theorem 1.8) holds and F has a fixed point in[0,∞). We 

now prove the following corollary. 

Corollary 1.15: Let (X, d) be a complete dislocated metric space and let m ∈ N. Lets  non empty d–

closed subsets of X be A1, A2 ... Am and i

mi

i
AY 

=

=
=

1
. Assume that F: Y → Y is an operator such that  

i. i

mi

i
AY 

=

=
=

1
is a cyclic representation with respect to F of X.  

ii.  There exist
 )1,0r

 such that
 

),(

0

),(

0
)()(

yxNFyFxd

dttrdtt 
,  

where 










 ++

),(

),(),(
,

6

),(),(),(
,,(),,(),,(max),(

yx

FyydFxxdFxxdyFydFxyd
FyydFxxdyxdyxN


, for any x ∈ Ai, y∈ Ai+1 , i = 1, 2 

...,m.  and  

Am+1=A1 and  )  )→ ,0,0:  be Lebesgue -integrable mapping satisfying ,0for    0, )(
0


dtt

then F has a fixed point i

m

i
Az  1=

 . Also F has a unique fixed point, if ),(),( xxdyxd  , for all

)(, FFixyx  . 

Definition 1.16: Let F: X → X. Let  )→ ,0: X  and  1,0 .  A mapping F is called a  − sub 

admissible mapping if  

 )(x   )(Fx , Xx . 
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Example1.17: Let     ,,: −→−F and   +→− R ,: . Define xFx tan
4


= and

2

1

4

1
)( +−=  xx  

then F is a  − sub admissible mapping, where
2

1
= , indeed if

2

1

2

1

4

1
)( +−=  xx then 

4

1
=x

and hence ,
4

1
)( =xF

2

1
)( =Fx .  

Let  be the class of all the functions 3:[0, ) [0, )  →  that are a continuous with the property: 

( , , ) 0x y z = if and only if 0x y z= = = . 

Definition 1.18: Let (X, d) be a dislocated metric space, m ∈ N, let d –closed non empty subsets of

),( pdX  be A1, A2 ... Am  and i

mi

i
AY 

=

=
=

1
. Assume that YYF →: is -ψ sub admissible mapping, 

where   =
1

8
  then F is called ψ –cyclic generalized weakly C- contraction if  

i) i

mi

i
AY 

=

=
=

1
is a cyclic representation with respect to F of Y. 

ii) ),()(),()(),()(),()(),( 32 FxxdxFFyydxFFyxdFxFxydxFyFxd  +++    

),(

),(),(
)(

),(

),(),(
)( 54

Fxyd

FyxdFxxd
xF

yxd

FyydFxxd
xF  ++    ,),(),(

2

1
),,(),,(









+− FxydFyxdFyydFxxd       (18) 

for any x ∈ Ai, y∈ Ai+1i = 1, 2 ,3... m, where Am+1=A1 and  .  

Theorem 1.19: Let (X, d) be a complete dislocated metric space and m ∈ N. Let d –closed non empty 

subsets of (X, d) be A1, A2 ... Am and i

mi

i
AY 

=

=
=

1
. Assume that YYF →: is a ψ –cyclic generalized 

weakly C- contraction. If there exist x0 ϵ Y such that 𝜓(𝑥0) ≤
1

8
 then F has a fixed point .

1
i

n

i
Az  =

  

Also if 𝜓(𝑧) ≤
1

8
  then z is unique. 

Proof: Let x0 be an arbitrary point of Y such that(𝑥0) ≤
1

8
 . We know that F is a sub ψ –admissible 

mapping with respect to 
1

8
, then 𝜓(𝐹𝑥0) ≤

1

8
 and 𝜓(𝐹𝑛𝑥0) ≤

1

8
, for all 0Nn . Also there be some 

i0 such that
0i

Ax . Now 100
)( + ii AAF  imply that 10 0

)( + iAxF . Hence there is 11 0
in    +iAx  such that

10 xFx = . In the same way we prove that 1+= nn xFx , where
nin Ax  . Hence for 𝑛 ≥ 0, there exist 

 min ,....3,2,1  such that
nin Ax  and 11 ++ 

nin Ax . If ,100 += nn xx for some ....2,1,00 =n , then it is obvious 

that
0nx  is a fixed point of F. If 1+ nn xx for all n and as YYF →: is a cyclic generalized weak C- 

contraction we have for all Nn  

),(),( 11 nnnn FxFxdxxd −+ =  

 








+−

++

+++

−−

−

−−−
−

−

−−
−

−−−−−−−−

),(),(
2

1
),,(),,(

),(

),(),(
)(

),(

),(),(
)(

),()(),()(),()(),()(

11

1

111
1

5

1

11
1

4

111
3

1
2

1111

nnnnnnnn

nn

nnnn
n

nn

nnnn
n

nnnnnnnnnnnn

FxxdFxxdFxxdFxxd

Fxxd

FxxdFxxd
xF

xxd

FxxdFxxd
xF

FxxdxFFxxdxFFxxdFxFxxdx







 

 








+−

++

+++

+−++

+−−
+

−

+−
+

−++++−−

),(),(
2

1
),,(),,(

),(

),(),(
)(

),(

),(),(
)(

),()(),()(),()(),()(

1111

111
4

1

11
3

1211111

nnnnnnnn

nn

nnnn
n

nn

nnnn
n

nnnnnnnnnnnn

xxxxxxxx

xx

xxxx
x

xx

xxxx
x

xxxxxxxxxxxx
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+++++ +−−
+−++−

),(

),(),(
),(),(),(),(),(

8

1 111
11111

nn

nnnn
nnnnnnnnnn

xxd

xxdxxd
xxdxxdxxdxxdxxd  

 








+− +−++ ),(),(
2

1
),,(),,( 1111 nnnnnnnn xxxxdxxdxxd   

Hence 
















+++

++

 +−−
+−

++−

+

),(

),(),(
),(),(

),(),(),(

8

1
),( 111

11

111

1

nn

nnnn
nnnn

nnnnnn

nn

xxd

xxdxxd
xxdxxd

xxdxxdxxd

xxd .                (19) 

From (d3) we obtain 

),(),(),( 1111 +−+− + nnnnnn xxdxxdxxd ,  

and from lemma (1.6D) we get  

),(),(),( 11 +− + nnnnnn xxdxxdxxd  

 
















+

+
+++

++++



+−

+−−
+−

++−+−

+

),(),(

),(),(),(
),(),(

),(),(),(),(),(

8

1
),(

11

111
11

11111

1

nnnn

nnnnnn
nnnn

nnnnnnnnnn

nn

xxdxxd

xxdxxdxxd
xxdxxd

xxdxxdxxdxxdxxd

xxd

 
     









+++

++++


−+−

++−+−

),(),(),(

),(),(),(),(),(

8

1

111

11111

nnnnnn

nnnnnnnnnn

xxdxxdxxd

xxdxxdxxdxxdxxd

      
 ),(4),(4

8

1
11 +− + nnnn xxdxxd ,

 

 ),(),(
2

1
),( 111 +−+ + nnnnnn xxdxxdxxd .  

Thus we have 

),(),( 11 nnnn xxdxxd −+  .                                  (20) 

In support of 1n ’ set ( )1, −= nnn xxt  . Using the facts above {𝑡𝑛} is a decreasing sequence of positive 

real numbers. Therefore there exist 0L  such that 

Lxxd nn
n

=+
→

),(lim 1 .                                                          (21) 

Now we show that L=0. As ( ) ( )1,2, + nnnn xxxxd  then .2),(lim Lxxd nn
n

=
→

 

In the same way we can prove Lxxd nn
n

2),(lim 11 +−
→

. Then 

  Lxxdxxd nnnn
n

4),(),(lim 11 + +−
→

. 

By taking limit as 𝑛 → ∞ in (19) we have,
 

  ),(),(4
8

1
11 +−++ nnnn xxdxxdLL , 

This shows that  ),(),(lim4 11 +−
→

+ nnnn
n

xxdxxdL . 

Thus we get   Lxxdxxd nnnn
n

4),(),(lim 11 =+ +−
→

. 

Now by (18) we have  

  .),(),(
2

1
,,

),(

),(
)()(

)()(),()(),()(

111

11
413

2111111









+−

++

+++

+−+

+−
+++

++++−−+

nnnnnn

nn

nn
nnnn

nnnnnnnnnnn

xxdxxdtt

xxd

xxd
txtx

txtxxxdxxxdxt







 

Letting limit as 𝑛 → ∞ in the above inequality, we realize that 
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),2,,( LLLLL −  

and so .0)2,,( =LLL Hence ,00),,( ==== zyxzyx we get L=0. 

Due to LxxdLxxd nn
n

nn
n

2),(lim   &     2),(lim 11  +−
→→

 we have 

0),(lim),(lim ),(lim 111 === +
→

+−
→→

nn
n

nn
n

nn
n

xxdxxdxxd .                              (22) 

We shall demonstrate that the sequence {𝑥𝑛} is a d- Cauchy sequence. For this first we prove the 

following fact:                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          

(K) for every ϵ > 0 there be 𝑛𝜖 𝑁 such that if if 𝑟, 𝑞 ≥ 𝑛with )(1 mqr − then  ),( qr xxd .  

Assume that there exist𝜖 > 0, such that for any N, we be able to find nqr nn  with )(1 mqr nn −  

which satisfy ( )
nn rq xxd , .                     (23) 

Following the related lines of the proof of theorem (1.8) we have 

=
→

),(lim
nn rq

n
xxd  

=++
→

),(lim 11 nn rq
n

xxd  

=+
→

),(lim 1nn rq
n

xxd
 
and 

=+
→

),(lim 1nn qr
n

xxd .                                              (24) 

As
nqx &

nr
x lie in different closely labeled sets Ai and Ai+1 for a certain 1 ≤ 𝑖 ≤ 𝑚. By using the 

condition, F is ψ-cyclic generalized weakly C- contraction, we have 

( ) ( )
nnnn rqrq FxFxdxxd ,, 11 =++

 
( )

 








+−

++

+++

),(),(
2

1
),,(),,(

),(

),(),(
)(

),(

),(),(
)(

),()(),()(),()(,)(

54

32

nnnnnnnn

nn

nnnn

n

nn

nnnn

n

nnnnnnnnnnnn

qrrqrrqq

qr

rqqq

q
rq

rrqq

q

qqqrrqrqqqrq

FxxdFxxdFxxdFxxd

Fxxd

FxxdFxxd
xT

xxd

FxxdFxxd
xF

FxxdxFFxxdxFFxxdFxFxxdx







 

( )












+++++
+

++++

++++
),(

),(),(

),(

),(),(
),(),(),(,

8

1

1

1111

1111

nn

nnnn

nn

nnnn

nnnnnnnn

qr

rqqq

rq

rrqq

qqrrrqqr
xxd

xxdxxd

xxd

xxdxxd
xxdxxdxxdxxd

   








+− ++++ ),(),(
2

1
),,(),,( 1111 nnnnnnnn qrrqrrqq xxdxxdxxdxxd . 

Letting limit as 𝑛 → ∞, we obtain that 

    −+++++
4

1
,0,00000

8

1
 .  

This is a opposition. Hence condition (k) holds. We are proving the sequence {𝑥𝑛} is a Cauchy. Fix 

𝜖 > 0, by the assert, we find Nn 0  such that if 0, nqr  with )(1 mqr −  

24
),(





qr xxd .                                              (25) 

As 0),(lim 1 =+
→

nn
n

xxd we get Nn 1 such that
m

xxd nn
2

),( 1


+ .                 (26) 

In support of any ,1nn  suppose that  10,max, nnsr   and rs  . Then there be  mk ,....,3,2,1 such that

).(mkrs −  Thus, )(1 mrs +−  , for 1+−= km . Hence we have, for  mj ,....,3,2,1 , ),(1 mrjs −+   
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( ) ( ) ( ) ( )ssjsjsjsrsr xxdxxdxxdxxd ,........,,, 11 +−+++ +++ .  

From equations (25) and (26) and from the last inequality, we obtain  

( ) =


+





+



m

m
m

jxxd sr
2222

, .  

This shows that the sequence {𝑥𝑛} is a d- Cauchy sequence.  

We know that Y is d- closed in ),( dX , hence ),( dY is also complete, there exists z in Y where 

i
m
i AY 1== such that 

zxn
n

=
→

lim in ),( dY , equivalently 0),(lim),(lim),(
,

===
→→

mn
nm

n
n

xxdxzdzzd .                            (27) 

We shall now prove that x is a fixed point of F. Since zxn
n

=
→

lim and as i

m

i AY 1==  is cyclic 

representation of Y with respect to F, the sequence {𝑥𝑛} has infinite terms in each iA for  mi ,....,3,2,1

Assume that iAx , 1+ iAFx and we consider a subsequence
knx of nx with 1− in Ax

k
. By contractive 

condition (18), we find that 

),(),( 1 FxFxdFxxd
kk nn =+

 

( )

 








+−

++

+++

),(),(
2

1
),,(),,(

),(

),(),(
)(

),(

),(),(
)(

),()(),()(),()(,)(

54

32

kkkk

k

kkk

k

k
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k

kkkkkkkk

nnnn

n

nnn

n
n

nn

n

nnnnnnnn

FxxdFxxdFxxdFxxd

Fxxd

FxxdFxxd
xF

xxd

FxxdFxxd
xF

FxxdxFFxxdxFFxxdFxFxxdx







 

( )

  ,),(),(
2

1
),,(),,(

),(

),(),(

),(

),(),(
),(),(),(,

8

1

11

1

11

11









+−













+++++

++

+

++

++

kkkk

k

kkk

k

kk

kkkk

nnnn

n

nnn

n

nn

nnnn

xxdFxxdFxxdxxd

xxd

Fxxdxxd

xxd

Fxxdxxd
xxdFxxdFxxdxxd



 

Letting →nlim and using xx
kn →  , and using lower semi-continuity of φ, we obtain that  

    ),(
4

1
),(

2

1
),,(,0000),(),(0

8

1
),( FxxdFxxdFxxdFxxdFxxdFxxd 









−+++++  .   

Hence ( ) ,0, =Fxxd  so x is fixed point of F. It remains to show the uniqueness of fixed point. 

Assume that zy, are two fixed points of F in X. Using the cyclic character of F and the fact that y, z 

belongs to X are two fixed points of F implies that i

m

i
Azy  1

,
=

 . Also assume that
8

1
)( y . By 

contractive equation (18) we obtain that  

( ) ( )FzFydzyd ,, =  

( ) ( ) ( ) ( )FyydyFFzzdyFFzydFyFyzdy ,)(,)(,)(,)( 32  +++
 

( ) ( )
( )

( ) ( )
( )

( ) ( ) ( ) ( ) 







+−++ FyzdFzydFzzdFyyd

Fyzd

FzydFyyd
yF

zyd

FzzdFyyd
yF ,,

2

1
,,,,

,

,,
)(

,

,,
)( 54   

   







+−+++++ ),(),(

2

1
,0,00000),(),(

8

1
yzdzydzydzyd     








+− ),(),(

2

1
,0,0),(2

8

1
yzdzydzyd   

),(
4

1
yzd .  

Which implies that ( ) ,0, =zyd that is y = z. Hence F has unique fixed point in X. 
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Corollary 1.20: Let (X, d) be a complete dislocated metric space and m ∈ N. Let non empty d –

closed subsets of X be A1, A2 ... Am    and i

mi

i
AY 

=

=
=

1
. Assume that YYF →: is an operator such that 

i) 
i

mi

i
AY 

=

=
=

1  is cyclic representation with respect to T of X and 

ii) there exist 









8

1
,0 such that 









+++++
),(

),(),(

),(

),(),(
),(),(),(),(),(

Fxyd

FyxdFxxd

yxd

FyydFxxd
FxxdFyydFyxdFxydFyFxd  ,   (28) 

for any x ∈ Ai, y∈ Ai+1, i = 1, 2 ,3,…...,m.  Where Am+1=A1then F has fixed point i

mi

i
Az 

=

=


1
.  

Example1.21: Let X= R with dislocated metric space and  yxyxd ,max),( =  for any x, y ∈ X.  

Suppose  0,21 −=A and  2,02 =A & i

i

i
AY 

2

1

=

=
= . We define F: Y → Y by   

Fx = {

−x

32
         if xϵ[−2,0]

−x

16
                 if ϵ[0,2]

 

it obvious that i

i

i
A

2

1

=

=
is cyclic representation of Y with respect to F. 

Proof:  Let  0,211 −=Ax and  2,022 =Ax  

  ),(
16

1
,max

16

1

16
,

16
max

16
,

32
max

16
,

32
max),( yxdyx

yxyxyx
FyFxd =







−








 −








 −−

= , 









+++++
),(

),(),(

),(

),(),(
),(),(),(),(

16

1
),(

Fxy

FyxdFxxd

yxd

FyydFxxd
FxxdFyydFyxdFxydFyFxd


.   

Hence the condition of corollary (1.20) (theorem 1.19) holds and F has a fixed point in 21 AA  . Here 

x = 0 is a fixed point of F.  

If we take Ai = X for all 0 ≤ i ≤ m in the above theorem 1.20 then we deduce the following theorem. 

  

Theorem 1.22: Let (X, d) be a complete dislocated metric space, and let F: X → X be a sub ψ-

admissible mapping such that 

















++

+++



),(

),(),(
)(

),(

),(),(
)(

),()(),()(),()(),()(

),(
54

32

Fxyd

FyxdFxxd
xF

yxd

FyydFxxd
xF

FxxdxFFyydxFFyxdFxFxydx

FyFxd






   

  

 








+− ),(),(
2

1
),,(),,( FxydFyxdFyydFxxd ,     

for any x, y ∈ X, where , ψ ∈ Ψ then F has unique fixed point in X. 

Corollary 1.23: Let (X, d) be a complete dislocated metric space and F: X → X be a sub ψ-

admissible mapping such that 









+++++
),(

),(),(

),(

),(),(
),(),(),(),(),(

Fxyd

FyxdFxxd

yxd

FyydFxxd
FxxdFyydFyxdFxydFyFxd  ,  

for any x, y∈ X, where 









8

1
,0 then F has unique fixed point in X. 
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Example1.24: Let X= R+ with dislocated metric space and ( )  y x,max, =yxd , for any x, y ∈ X.  Let F:  

X → X be defined by Fx = {

x2+x

18
         if 0 ≤ x ≤ 1

x

12
                 if x ≥ 1

 

Proof: To prove the existence and uniqueness point of F, we examine the following cases 

Let 0 ≤ x   , y < 1 then  

  ),(
10

1
,max

10

1

18
,

18
max),(

22

yxdyx
xxxx

FyFxd =










 ++

= .   

Let x, y ≥ 1 then 

    ),(
10

1
,max

10

1
,max

12

1
),( yxdyxyxFyFxd == . 

Let 0 ≤ x < 1 𝑎𝑛𝑑 𝑦 ≥ 1 then  

  ),(
10

1
,max

12

1

12
,

18
max),(

2

yxdyx
yxx

FyFxd =










 +

= .  

Hence 









+++++
),(

),(),(

),(

),(),(
),(),(),(),(

10

1
),(

Fxyd

FyxdFxxd

yxd

FyydFxxd
FxxdFyydFyxdFxydFyFxd .   

Hence all the conditions of corollary (1.23) (theorem 1.22) are satisfied. Thus F has a unique fixed 

point in X. In fact 0 is the unique fixed point of F. 

Corollary 1.25 : Let (X, d) be a complete dislocated metric space and m ∈ N, Let non empty d –

closed subsets of X be A1, A2, . . . , Am  and i

mi

i
AY 

=

=
=

1
. Assume that YYF →: is an operator such 

that 

i) i

mi

i
AY 

=

=
=

1
is cyclic representation of X with respect to F, 

ii)  

),(

0

),(

0

)()(

yxNFyFxd

dttdtt 
          

 

Where ),(

),(),(

),(

),(),(
),(),(),(),(),(

Fxyd

FyxdFxxd

yxd

FyydFxxd
FxxdFyydFyxdFxydyxN +++++= , for any x ∈ Ai, y∈ Ai+1, i = 1, 

2…m and Am+1=A1. Also  )  )→ ,0,0: is Lebsegue-integrable mapping satisfying 



0

0, )( dtt

0for   and the constant 









8

1
,0 then F has unique fixed point i

mi

i
Az 

=

=


1
.   

If in corollary1.27 we take Ai=X, for, i = 1, 2 , 3,…...,m, we obtain the following result. 

Corollary 1.26: Let (X, d) be a complete dislocated metric space and XXF →: is a self mapping 

such that for any x, y in X we have 


+++++

 ),(

),(),(

),(

),(),(
),(),(),(),(

0

),(

0
)()( Fxyd

FyxdFxxd

yxd

FyydFxxd
FxxdFyydFyxdFxydFyFxd

dttdtt  . 

Where  )  )→ ,0,0:  is Lebsegue-integrable mapping satisfying 



0

0for  0, )( dtt  and the 

constant 









8

1
,0  then F has unique fixed point.  
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2. CONCLUSION 

In this paper the investigations concerning the existence and uniqueness fixed point of a cyclic 

mapping in the context of dislocated metric space are established. We considered some examples to 

illustrate the validity of the derived results of this paper. 
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