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Abstract: In this paper, we mainly prove the inequality of semi-positive matrices with respect to traces under
special partial order and the generalization and proof of the identities of traces of higher-order matrices.
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1. INTRODUCTION

Trace is an important function in matrix algebra. It has many good properties. In this paper, we try to
change the product of the matrix into the Hadamard product of the matrix, and get the correlation.
Inequality and a special extension of the proof of the third-order special matrix trace given by Xia yin
hong, and prove it. Finally, under the condition of the L owner partial ordering of the matrix, the
inequalities of the second-order semi-positive matrices and the third-order semi-positive matrices are
given, and the inequalities of the n—th order semi-positive matrices in the | owner partial ordering
are given.

Now let's discuss.

2. SOME INEQUALITIES ON SEMI-POSITIVE MATRICES’ TRACES

Lemmal. LetZ =(E,,E,,....E, ), then AoB=Z (A®B)Z ", AcB represents the Hadamard

product of the matrix, A® B represents the Kronecker product of the matrix.

Lemma2. LetZ = (E,,E,,...,E,.), If X isan n’order real symmetric semi-positive definite array,
then Tr(Z,XZ,)>0.

Proof. If AandB are all real symmetric semi-positive matrices, we can know from Lemma 1
that (AoB)’*=[Z,(A®B)Z,'][Z,(A®B)Z "] ,
A oB’=Z (A°®B*)Z" =Z (A®B)(A®B)Z." , and A®B is a Semi-positive matrix,
(1-2,"Z,) is a Semi-positive matrix, so (A®B)(A®B)>(A®B)Z,'Z, (A®B) ,and then by
Lemma2. Tr(Z,(A®B)(1-Z,"Z )(A®B)Z, ") >0.Sothereis Tr(AoB)* <TrA’oB?.
Theorem 1. If Aand B are real symmetric semi-positive matrices, we have

Tr(AoB)* <TrA*-B?.

Lemma3. Assume AandB are real symmetry matrices.
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(1) If Alis positive or B is positive, the eigenvalues of AB are all real numbers.

(2) If Ais positive, we have B is positive if and only if the eigenvalues of AB are all positive real
numbers.

(3) If Aand B are semi-positive such that the eigenvalues of AB are all non-negative real numbers.

Theorem?2. If Aand B are semi-positive matrices of the same order, m is a positive integer, such that
Tr(A+B)" >TrA" + TrB".

Proof. By calculating and using Lemma 3,

Tr(A+B)" —TrA" —TrB" > mTr[A"'B+ A" °B* + A" °B*...+ AB""]

and A, B™™ are still semi-positive arrays, so TrA*B™* >0 .and

Tr[A™'B+ A" ?B? + A"°B%...+ AB" '] = ETr(Am“ B') > 0. This proves that
Tr(A+B)" >TrA" + TrB". a

Corollaryl. If A, A,,..., A, aren-th order semi-positive arrays, then

Tr(A+A+. +A)" 2TrA" +TrA™ +..+TrA"

The significance of Theorem 2 is that even if Aand B do not satisfy the commutability, the trace of
the positive integer power of A+ B and the trace of the positive integer power of A plus the positive

integer power of B can be judged.

Now, a similarity is given to identity the third-order special matri>i trace which is given by Xia Yin
hong. The idea of Xia is if a 3x3 matrix has real eigenvalues 1, 1 > ,the following equations hold:

(D(TrA)> =TrA? + 2TrA,
(2)(TrA)® + 2TrA® = 3(TrA)(THA?) +

Theorem 3. Assume A= 1 K, [(1€R), herek; =00rl(i=12), (n—2)x(n—2), the matrix

M satisfies 3se N gych that (I W °=0.

Therefore, we have:

(D(TrA)* =TrA? + 2(TrM)(TrA) — (TrM)?> =TrM + 2

(2)(TrA)® =TrA® + 3TrA+TrM[2+3TrA? —3TrM +3(TrM)(TrA) —2(TrM)?]
Proof . We only prove (1), and the proof of (2) is similar.

(TrA) = (A+ L +n—2) =22+%+n—2—(n—2)+(n—2)2+2(n—2)[/1+£+(n—2)—(n—2)]+2
=TrA> —=TrM +(TrM)? + 2TrM[TrA—=TrM]+2 =TrA? + 2(TrM )(TrA) — (TrM)* =TrM + 2

It’s casy to verify (TrA)”>=TrA*>+2TrAwhenn=3,M =1, in this condition, we also have
(TrA)® + 2TrA® = 3(TrA)(TrA*) + 6.

Corollaryl. Let A is an n-order real symmetric positive definite matrix, and let B and C are the
same-order real symmetric semi-positive definite matrices, and B >C then
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vk >0, Tr((A+kB)'B)>Tr((A+ kC)‘1C)

Proof. We notice thatTr(A+ kB)'B = ETr(A+ kB) '[(A+KkB) - Al = —[n Tr(A+kB)™"A]
Tr(A+kC) B = —Tr(A+ KC)[(A+KC) — Al = —[n Tr(A+kC)" A]

since A+ kB > A+ kC  then (A+kC)™* > (A+ kB)‘l naturally, we can

obtain A2 (A+ kC)‘lA2 > A2 (A+kB)™* A2 S0 Tr(A+kB)"A<Tr(A+kC)'A,

thus, Tr((A+kB)™*B)>Tr((A+kC)™C).

Corollary 2. Let A is a real symmetric positive matrix, and B, C are two real symmetric
semi-positive matrices, B>C, we haveTr((A+B)™"'B)>Tr((A+C)™'C).

Proposition2. If A, Bare 2nd-order real symmetric positive definite matrices, A<B | then we
state that TrA* <TrB”.

a b 0

Proof. Since the trace is an invariant under similarity , we can set AZVE J,B :(201 A&j we
c

writt TrA>=a’+c®+2b*> , TrB>=A4"+A4". hence A<B , we have the" inequalities

(4, —a)*>b?, (4,—c)*>Db* thenwe

obtaina® +c*+2b* <a® +¢® + (4, —a)’ + (1, —c)* < 2(@° +¢*) + 4° + A, —2a4, — 2¢c 4, .
For A4, >a,A, >cC,

Thenthereis 2(a® +c?)+ A% +A,° —2a4, —2cA, < A"+ A7,

sowe get TrA? <TrB?.

Proposition3. If A and B are 3rd-order real symmetric positive matrices, A<B , then
TrA® < 2TrB?.

a b c 4 0 0
Proof. We assume thatA=|b e f|B=[0 4, 0|,
c f d 0 0 4
then e —a2 +e a2 v op? v 2+ 1] TrB2 = A2+ 4,7+ 47 We notice ‘that (4, —a)> >b% (4, -a)?>c? (4, —e)?>b?,(1,—e)? > f2,

(A,—d)?>¢? ,(4,—d)? > £2. Then we show that
a’+e*+d*+2[b* +c* + f?]<a’ +e’ +d* + 2[4 —2a4 +a° + A, —2eAd, +e* + 17 —2d A, +d°]
<a?+e? +d?+ 247 —al + 4,2 —? + A2 —d?] < 2(A2 + 4,2+ A%), SO We prove that TraA? <2TrB?.

In fact, for Proposition 2 and Proposition 3, the condition of the positive definite matrix can be
weakened to a semi-positive definite matrix. This is Proposition 4.

Proposition 4 . If A,B,C,D are semi-positive matrices with A<B, C < D.Then there holds
TrAC <TrBD.

Proof. It is not difficult to get that TrAC <TrBC <TrBD.

In fact, Proposition 2 and Proposition 3 can be regarded as the inference of Proposition 4. When
A,B,C,D satisty A= B,C = D, the Proposition 2 and proposition 3 are established.

From Proposition 4, we can get the following conclusions. If A, B C are three semi-positive definite
matrices, A<B , C<I| , then the following statement holds. Tr(ACA)<TrB? .In fact,
TrACA =TrCA? <TrA% <TrB?2.
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