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Abstract: Sufficient conditions for blow-up of solutions to the initial-boundary value problem for some wave
equations with a derivative nonlinearity are established by eigenfunction method. This extend the early results.
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1. INTRODUCTION

In this note, we are concerned with the initial boundary value problem of the following types:

U, —AU = 2| Vu[?, >0, (x,t) € Qx(0,T), (1.1)
u(x,t)=0, xed,te(0,T), (1.2)
U(%,0) = Uy (X), U, (x,0) =4, (x), X &€ (L3)
U, —AU+[U['= 2| VU]P s >0,(xt) e Qx(0,T), (1.4)
u(x,t)=0, xed,te(0,T), (15)
U(%,0) = Uy (x), U, (x,0) = Uy (x)» X (L6)
and

U, —AU+U, = 2| VUlP, u>0,(xt)eQx(0,T), (L.7)
u(x,t)=0, xed,te(0,T), (18)
U(%,0) = Uy (x), U, (x,0) = Uy (x)» X e, (L9)

where Q isabounded domainin R" with sufficiently smooth boundary @ and p,q > 0. Our main
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goal is to find sufficient conditions forblow up of solutions to problem (1.1)-(1.3), problem (1.4}-(1.6)
and problem (1.7)-(1.9).

The following nonlinear wave equation
u, —Au = f (u,u,Vu) (1.10)
attracted attention of the researchers for many years. The case when

f(u,u,Vu)=-alu, |"u +bJul’u (or f(u)=Db|ul|”, here a>0,b>0),e.q.
u, —Au+alu ["u, =bjul®u (1.11)

has been extensively studied over the past decades. It is well known that the nonlinear term |u|” u

drives the solution of (1.11) to blow up in finite time. Various sufficient conditions for blowup have
been provided and qualitative properties have also been investigated (see for example [1, 2, 3, 4,5, 6, 7,
8, 9, 10], to cite just a few). By contrast, there has been a relatively small number of studies of blowup
for nonlinearities with a dependence on spatial derivatives of U . Ebihara [11, 12, 13] established global
existence of classical solutions and asymptotic behavior of solutions of equation (1.10). When

f (u,u,,Vu) =-a(x) £(u,,Vu) in (1.10), Slemrod [14], Vancostenoble [15] and Haraux [16] proved

the weak asymptotic stabilization of solutions. Quite recently, Nakao [17, 18, 19, 20, 21] considered the
nonlinear wave equations of the form

u, —Au+ p(x,u,) = f(u,u,,Vu), (1.12)

and he proved the global existence and decay of solutions. There seems to be little investigations

concerning the blow-up of solutions for equation (1.10) when the nonlinear perturbation term f

depends on the derivatives of U . This is because in the case it seems difficult to handle the term |Vu |’ .
Sideris [22] has shown blow-up of small data solutions in finite time for the Cauchy problem of

equation (1.10) with f(u,u,Vu)=a*|Vu[ +b*|Au|’ in three dimensions. As far as we are

aware, this is the first blow-up result for equation (1.10) when the nonlinear perturbation term f

depends on only the derivatives of U . Then the result was extended by Schaeffer [23]Jand Rammaha [24,
25].However, very little is known in the literature concerning the blow-up of solutions for initial

boundary problem of equation (1.10) when the nonlinear perturbation term f depends on only the
derivatives of U and such a method in [22, 23, 24, 25] cannot be used in this case.
The object of this paper is to show the sufficient conditions for blow-up of solutions for the initial

boundary  value  problem  of equation (1.10) with f(u,u,Vu)=u|Vul® or
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f(u,u,Vu)=u|Vul|® —|ul*. The eigen function method developed in [1] was used here. We also

extend Lemma 1.1 in [1] and then get the sufficient conditions for blow-up of solutions to the initial
boundary value problem (1.7)-(1.9). This method applies also to the case of the equation (1.10) with
Neumann boundary condition.

2. MAIN RESULTS

Throughout this paper we assume all function spaces are considered over real field and their notations
and definitions are same as [26]. For simplicity, we take 1z =1. By the usual Galerk in method and
similar to the proof in [11], we can obtain regular solution in the local sense. Now we mention some
Lemmas which play an essential role in this paper.

Lemma 1[1] Let ¢(t) e C? satisfy

¢, >h(g), t=0

with ¢(0)=a >0,4(0)= >0 . Suppose that h(s)>0 for all s>« . Then, ¢ (t)>0 where
¢, (t) exists and the following inequality holds

t<["alp+2 [ h@)dv“2ds.

We consider the following spectral problem

AW+AwW=0 in Q, (2.1)
w=0, on oQ, (2.2)

It is well known that problem (2.1)-(2.2) has the smallest eigen value A, >0 with the corresponding

normalized eigen functionw, >0 in Q ’,L W, (X)dx =1. Then we denote
o1 -1
|Vw, [**
K, =(IQde) P (2.3)
1
Theorem 2 Suppose p >1. Letu(Xx,t) be a regular solution of problem (1.1)-(1.3). Suppose that the

following conditions are satisfied:
[ us 0w ()dx = e, [ 1, (0w (X)dx = 3,

p/(p-1)
0

where o > >0, # > 0. Then, the solution of problem (1.1)-(1.3) blows up in a finite time.

Proof Let

u(t) = jQu(x,t)Wl(x)dx.
Then U(0)=a>0,U,(0)= >0 andas it follows from (1.1)-(1.3), U (t) satisfies

U,+AU = '[Q[VU |” w,dx. (2.4)
By (2.1) and Holder inequality, we get

AU < jQu(x,t)Alwl(x)dx = Lu(x,t)AWl(x)dx|
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VW|d

_|j vUdex|<j VU || Vw, | dx = j(|Vu|w1”’)|Wl,p

<([. lmpln Ll dx) E (j |Vu|deX)p ko[, |Vu|deX)p

that is to say

[, vu P x> (kio)*’u , @5

Therefore, from (2.4) and inequality (2.5), we obtain the ordinary differential inequality
U] @9)

with U(O) a>0U,(0)=/£>0. Denote h(s)= (/11)”3p -5 since h(s)>0 for s>« , it

follows from Lemma 1 that s

tﬁjz(t)[ﬂz_ﬂ'lsz"i' p_z'_z(ki)p(spﬂ_apﬂ)]—l/zds,
0

and U (t) develops a singularity in finite time t, <T , where
T J' [ﬂ ils + 2 (ﬂl) (Sp+1 ap+1)] 1/2dS

Finally, since U(t)>0 we have U (t) = U (t) [< sup,, |u(X, t)|j w,dx < sup,, |u(x,t)| ,which
proves the theorem.

Theorem 3 Suppose p>2,0<q<2. Let u(x,t) be a regular solution of problem (1.4)-(1.6).
Suppose that the following conditions are satisfied:

IQ U, ()W, (X)dx = IQ u, (X, (X)dx =3,

where ¢, is the positive root of the equation h (s) = (kﬁ)psp —s?—2s=0 and S, >0. Then, the

solution of problem (1.4)-(1.6) blows up in a finite time. °

Proof Let
U(t) = J'Qu(x,t)wl(x)dx.
Then U(0) =, >0,U,(0) = B, > 0and as it follows from (1.4)-(1.6), u(x,t) satisfies
U, +AU + jQ|u I wydx = jQWu P widx . 2.7)
Then (2.5) and the inequality IQLJ " w,dx>U"? yield the ordinary differential inequality
> (2)PU° U= 20 = (V). 8
0

with U(0)=¢, >0,U,(0) =, >0. Sinceh,(s) >0for s> ¢, . The rest of the proof is similar to

the proof of Theorem 2 and the proof is complete.
Now we extend Lemma 1 (see Lemma 1.1in [1] and [3]) to the following Theorem .

Lemma 4 Let ¢(t) € C? satisfy

@, +kg >h(g), t=0, (2.9
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with ¢(0) =a >0,¢4,(0) = >0, where k >0. Suppose that h(s)>0forall s> . If
1
8 =k [ 1B +2[ h(p)dp] 2ds <1,
then ¢,(t) >0 where ¢ (t) exists and IirTn @(t) =+o00 where T ST*:—klIn(l—@)).
t->T~

1
Proof Because ¢(0) = > 0,4,(0) = >0, then there exist an interval [0,T,)such that ¢,(t) >0and
p(t)=a>0 for te[0,T,). Ifitis false, let

=inf{t: g(t) = a},t, =inf{t: ¢ (t) =0}.
If t, <t, taking into account the condition (2.9) and the fact thath(s) >0 forall s>« , we have
d
m (€“¢) =" (¢, + kih) 2%h(g) > 0.

Thus ¢ (t,) >e ™% (0) >0, which contradicts ¢ (t,) =0, and so we have t, >t,. Furthermore, we
have ¢, (t) >0 for t<[0,t,).In this case, we get that ¢(t,) = #(0) +J‘: #.(s)ds > ¢(0) = >0, this
is a contradiction of the fact @(t,) =« . Thus, there exist an interval [0,T,) such that ¢,(t) >0and
#(t) > for [0,T,).

A multiplication of (2.9) by 2e*'4 (t) gives

267 g, + 2k, ™ ()2 = 26*'h(P)eh,

that is,

%[ezht (4)°1= 2e*"h(g)4, > 2h(9)¢ = Z%J'Zh(s)ds : (2.10)
Integrating (2.10) fromOto t yields

e ()2 (4 (0)* 22" h(s)ds,

since @ >0, hence

¢ e (f2+2 f’ h(s)ds)_% . (2.11)
For (2.11), we may separate variables and integrate over (0,t) to obtain

1-e ™ <k, j“” (B +2 Lyh(s)ds)_;dy =5,.

Therefore, we get the result.

Theorem 5 Suppose p >1. Let u(x,t) be aregular solution of problem (1.7)-(1.9). Suppose that the
following conditions are satisfied:

Jl U 0w (e =z, | u (s ()dx = 3,

where @, is the positive root of the equation h,(s)= (ﬁ)psp —-AS=0and B,>0 . If
S, = kl_roo[ﬁz2 + ZJ.S h,(p)d p] 2ds <1, then the solution of probfem (1.7)- (1.9) blows up in a finite
time. 2 2

Proof Similar to the proof of Theorem 2, we can obtain the ordinary differential inequality
U, +U,+4U - (ﬂl UP >0, (2.12)
with U(0) =, >0 U,(0) = 4, > 0.Denote h,(s) = (ﬂl)psp —;5, since h,(s)>0for s>q,, it
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follows from Theorem limU(t)=o0, for some T, <T" = —lln(l—5l) . Furthermore, since
t—>Ty C

U(t) >0, we have

U (t) = U (1) [< supg, |u(x,t)| '[ledx <sup, [u(x,t)],

and we get

limluP=00,V1< p<co,
t->Tg

forsome T,<T = —lln(1—5l) , which proves the theorem.
c

Remark 1 The same results hold for the equation (1.10) with the boundary condition ag—u+ bu=0.
n

Remark 2 It seems that the method can also be applied to the equation (1.10) when Au is replaced by

p— Laplace operator div(|Vu|® Vu) and it seems that the method can be applied to equation (1.10)
with f(u,u,,Vu)=[Vu|® +Au,.
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