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1. INTRODUCTION 

In 1965, Zadeh [12] introduced the concept of fuzzy subset µ of a set X as a function from X into the 

closed unit interval [0, 1] and studied their properties. Fuzzy set theory is a useful tool to describe 

situations in which the data or imprecise or vague and it is applied to logic, set theory, group theory, 

ring theory, real analysis, measure theory etc. In 1967, Rosenfeld [11] defined the idea of fuzzy 

subgroups and gave some of its properties. Li Hong Xing [5] introduced the concept of HX group. In 

1982 Wang-jin Liu[7] introduced the concept of fuzzy ring and fuzzy ideal. With the successful 

upgrade of algebraic structure of group many researchers considered the algebraic structure of some 

other algebraic systems in which ring was considered as first. In 1988, Professor Li Hong Xing [6] 

proposed the concept of HX ring and derived some of its properties, then Professor Zhong [2,3] gave 

the structures of HX ring on a class of ring. R.Muthuraj et.al[10]., introduced the concept of fuzzy HX 

ring. In this paper we define a new algebraic structure of an intuitionistic fuzzy semi HX ring of a 

semi HX ring and investigate some related properties. We define the necessity and possibility operators 

of an intuitionistic fuzzy subset of an intuitionistic fuzzy semi HX ring and discuss some of its 

properties. Also we introduce the image and pre-image of an intuitionistic fuzzy set in an intuitionistic 

fuzzy semi HX ring and discuss some of its properties.  

2. PRELIMINARIES 

In this section, we site the fundamental definitions that will be used in the sequel. Throughout this 

paper, R = (R ,+, ·)  is  a semi Ring,  e is the additive identity element of R and xy,  we mean x.y 

2.1 Definition 

Let R be a semi ring. Let μ be a fuzzy ring defined on R. Let   2
R 

- {} be a semi HX ring. A fuzzy 

subset 

 of   is called a fuzzy semi HX ring on  or a fuzzy semi ring induced by μ if the following 

conditions are satisfied. For all A,B , 

i. 

   ( A + B)  ≥  min { 


 (A),  


 (B) } , 

ii. 

   ( AB)     ≥  min { 


 (A),  


 (B) }  

where  

 (A) = max{ μ(x) /  for all xA  R }. 
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2.2 Definition   

Let G  = { x, (x), (x) / xR } and H  = { x, (x), (x) / xR } be any two  intuitionistic fuzzy 

sets defined on a semi ring R. Let    2
R  

– {}  be a semi HX ring on R .  Let                        
G 

= { 

A, 

(A), 


(A) / A } and 

H 
= { A, 


(A), 


(A) / A } be any two intuitionistic fuzzy 

subsets of . The intersection of 
G
 and 

H
 is defined as 

G 
 

H    
= { A, (


 


 )(A), (

 
 


)(A) / 

A } 

2.3 Theorem  

Let G and H be any two intuitionistic fuzzy sets on R. Let 
G
 and 

H
 be any two intuitionistic fuzzy 

semi HX ring of a HX ring  then their intersection, 
G 
 

H 
  is also an intuitionistic fuzzy semi HX 

ring of a semi HX ring . 

Proof 

Let G = { x, (x), (x) / xR } and H  = { x, (x), (x) / xR } be any two  intuitionistic fuzzy 

sets defined on a semi ring R. 

Then, 
G 

= { A, 

(A), 


(A) / A } and 

H 
= { A, 


(A), 


(A) / A } be any two intuitionistic 

fuzzy semi HX rings of a semi HX ring . Then, 

 
G 
 

H    
= { A, (


 


 )(A), (

 
 


)(A) / A }  

Let A,B   

i. (
 
 


 ) (A+B) = min { 


( A+B) , 


( A+B)} 

     min { min {

(A), 


(B)}, min{ 


( A), 


 (B)}} 

    = min { min {

(A), 


( A)}, min{


(B), 


 (B)}} 

    = min { (
 
 


 )(A) , (

 
 


 )(B)} 

(
 
 


 ) (A+B)   min { (

 
 


 )(A) , (

 



 )(B)}. 

ii. (
 
 


 ) (AB)  = min { 


( AB) , 


( AB)} 

≥  min{ min{

(A), 


(B)}, min{ 


( A), 


 (B)}} 

    = min { min {

(A), 


( A)},min{


(B), 


 (B)}} 

    = min { (
 
 


 )(A) , (

 
 


 )(B)} 

 (
 
 


 )(AB)   ≥  min { (

 
 


 )(A) , (

 
 


 )(B)} 

iii. (
 
 


 )(A+B)  = max { 


( A+B) , 


( A+B)} 

     max { max {

(A), 


(B)},max{


( A), 


 (B)}} 

    = max {max {

(A), 


( A)},max{


(B), 


 (B)}} 

    = max { (

 


)(A) , (

 
 


)(B)} 

(

 


 ) (A+B)    max { (

 
 


 )(A) , (

 
 


 )(B)}. 

iv. (
 
 


 ) (AB)  = max { 


(AB) , 


(AB)} 

      max { max {

(A), 


(B)},max{


( A), 


 (B)}} 

    = max {max {

(A), 


( A)},max{


(B), 


 (B)}} 

    = max { (

 


)(A) , (

 
 


)(B)} 

(

 


 ) (AB)     max { (

 
 


 )(A) , (

 
 


)(B)}. 

Hence, 
G 
 

H 
  is an intuitionistic fuzzy semi HX ring of a semi HX ring . 

2.4 Theorem 

If  
G
 ,  

H
 , φ

G  H
 are intuitionistic fuzzy semi HX rings of a semi HX ring  induced by 

intuitionistic fuzzy sets G, H, G  H of R then φ
G  H

   =   
G 
 

H
 . 

Proof 

 Let G = { x, (x), (x) / xR } and H  = { x, (x), (x) / xR } be any two  intuitionistic 

fuzzy sets defined on a semi ring R. G  H = { x, (  )(x), (  )(x) / xR }. 

Then, 
G 

= { A, 

(A), 


(A) / A } and 

H 
= { A, 


(A), 


(A) / A } be any two intuitionistic 

fuzzy semi HX rings of a semi HX ring . 


G 
 

H    
= { A, (


 


 )(A), (

 
 


)(A) / A }. By Theorem 2.1,  

G 
 

H 
  is an intuitionistic  

fuzzy HX subring  of a HX ring  . 
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φ
G  H

 = { A, φ
  

(A), φ
  

(A) / A }and φ
G  H

   is an intuitionistic fuzzy semi HX ring of  

induced by G  H of R . 

φ
  

(A)    = max { (  )(x) /for all xA  R } 

              =  max {min {(x), (x)} / for all xA  R } 

   =  min { max { (x) / for all xA  R},max{(x) / for all xA  R }} 

   =   min{

 (A) , 


 (A)} 

 φ
  

 (A)  =   ( 
 
 

 
) (A), for any A  . 

Hence,  φ
  

  =   
 
 


 . 

Similarly,φ
  

(A)    = min { (  )(x) /for all xA  R } 

       =  min {max {(x), (x)} / for all xA  R } 

   =  max {min { (x) / for all xA  R},min{(x) / for all xA  R }} 

   =   max{

 (A) , 


 (A)} 

 φ
  

(A)  =   ( 
 
 

 
) (A), for any A  . 

Hence,  φ
  

  =   
 
 


 . 

Hence,  φ
G  H

     =    
G 
 

H
 . 

2.5 Definition   

 Let G = { x, (x), (x) / xR } and H  = { x, (x), (x) / xR } be any two  intuitionistic 

fuzzy sets defined on a semi ring R. Let    2
R  

– {}  be a semi HX ring of R . Let                          


G 

= { A, 

(A), 


(A) / A } and 

H 
= { A, 


(A), 


(A) / A } be any two intuitionistic fuzzy 

subsets of a semi HX ring . The union of 
G
 and 

H
 is defined as                                                        


G 
 

H    
= { A, (

 
 


 )(A), (


 


)(A) / A }. 

2.6 Theorem 

Let G and H be any two intuitionistic fuzzy sets on R. Let 
G
 and  

H
 be any two intuitionistic 

fuzzy semi HX rings of a semi HX ring  then their union, 
G 
 

H 
  is also an intuitionistic  fuzzy 

semi HX ring of a semi HX ring . 

Proof 

 Let G = { x, (x), (x) / xR } and H  = { x, (x), (x) / xR } be any two  intuitionistic 

fuzzy sets defined on a semi ring R. 

Then, 
G 

= { A, 

(A), 


(A) / A } and 

H 
= { A, 


(A), 


(A) / A } be any two intuitionistic 

fuzzy  semi HX ring of a semi HX ring.Then,  

                         
G 
 

H    
= { A, (


 


 )(A), (


 


)(A) / A }  

Let A,B   

i. (
 
 


 ) (A+B) = max { 


( A+B) , 


( A+B)} 

      max { min {

(A), 


(B)}, min{ 


( A), 


 (B)}} 

     = min {max {

(A), 


(A)},max{


(B), 


 (B)}} 

     = min { (
 
 


 )(A) , (

 
 


 )(B)} 

(
 
 


 ) (A+B)   min { (

 
 


 )(A) , (

 
 


 )(B)}. 

ii. (
 
 


 ) (AB)  = max { 


( AB) , 


( AB)} 

     ≥  max { min {

(A), 


(B)}, min{ 


( A), 


 (B)}} 

     = min {max {

(A), 


(A)}, max{


(B), 


 (B)}} 

     = min { (
 
 


 )(A) , (

 
 


 )(B)} 

(
 
 


 ) (AB)    min { (

 
 


 )(A) , (

 
 


 )(B)}. 

iii. (

 


 ) (A+B)  = min { 


( A+B) , 


( A+B)} 

      min { max {

(A), 


(B)},max{ 


( A), 


 (B)}} 

     = max {min {

(A), 


( A)},min{


(B), 


 (B)}} 

     = max { (

 


)(A) , (

 
 


)(B)} 

(

 


 ) (A+B)    max { (

 
 


 )(A) , (

 
 


 )(B)}. 

iv. (
 
 


 ) (AB)  = min { 


( AB) , 


( AB)} 

       min { max {

(A), 


(B)},max{ 


( A), 


 (B)}} 
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     = max {min {

(A), 


( A)},min{


(B), 


 (B)}} 

     = max { (

 


)(A) , (

 
 


)(B)} 

(

 


 ) (AB)    max { (

 
 


 )(A) , (

 
 


 )(B)}. 

Hence, 
G 
 

H 
  is an intuitionistic fuzzy semi HX ring of a semi HX ring . 

2.7 Theorem 

Let R be a semi ring. Let G and H be any two intuitionistic fuzzy sets of R. If  
G
 ,  

H
 ,              

φ
G  H

   are  intuitionistic fuzzy semi HX rings of a semi HX ring  induced by intuitionistic fuzzy 

sets G , H ,  G  H of R then   φ
G  H

   =  
G  
 

H
. 

Proof 

It is clear. 

2.8 Definition  

               Let G  = { x, (x), (x) / xR } and H  = { x, (x), (x) / xR } be any two  

intuitionistic fuzzy sets defined on a semi ring R. .  Let 1  2
R

1
  
– {} and 2  2

R
2

  
– {}  be any 

two semi HX rings. Let 
G 

= { A, 

(A), 


(A) /A} and 

H 
= {A, 


(A), 


(A) /A } be any 

two intuitionistic fuzzy subsets of a semi HX ring , then the cartesian product of  
G
 and 

H  
is 

defined as (
G 

× 
H
) = {(A,B), (


 


 )(A,B), (

 
 


)(A, B) /(A, B) ∈ 1  × 2}, 

where   (

 


 )(A, B)  =  min {


(A), 


(B)}, for all (A, B) ∈ 1  × 2, 

  (
 
 


)(A, B) =  max {


(A), 


(B)}, for all (A, B) ∈ 1  × 2. 

2.9 Theorem 

Let G and H be any two intuitionistic fuzzy sets of R1 and R2 respectively. Let 1  2
R

1
  
– {} 

and 2  2
R

2
  
– {}  be any two semi HX rings. If 

G
 and 

H  
are any two intuitionistic fuzzy semi HX 

rings of 1 and 2  respectively then, 
G 

× 
H
 is also an intuitionistic  fuzzy semi HX ring of a semi 

HX ring 1 × 2  . 

Proof 

 Let G  = { x, (x), (x) / x R1 } and H  = { x, (x), (x) / x R2 } be any two  

intuitionistic fuzzy sets defined on a semi ring R1 and R2 respectively.   

Then, 
G 

= { A, 

(A), 


(A) / A1 } and 

H 
= { A, 


(A), 


(A) / A2 } be any two 

intuitionistic fuzzy semi HX ring of a semi HX ring 1 and 2  respectively. Then,  

(
G 

× 
H
) = {(A,B), (


 


 )(A, B), (

 
 


)(A, B) /(A, B) ∈ 1  × 2}, 

where   (

 


 )(A, B)  =  min {


(A), 


(B)}, for all (A, B) ∈ 1  × 2, 

  (
 
 


)(A, B) =  max {


(A), 


(B)}, for all (A, B) ∈ 1  × 2. 

Let A, B  1 × 2, where A = (C,D), B = (E,F) , 

 

i. (
 
 


 ) (A+B) = min { 


(C + E) , 


(D+F)} 

      min { min {

(C), 


(E)}, min{ 


( D), 


 (F)}} 

     = min { min {

(C), 


( D)},min{


(D), 


 (E)}} 

     = min { (
 
 


 )(C, D) , (

 
 


 )(E , F)} 

(
 
 


 ) (A + B)   min { (

 
 


 )(A) , (

 
 


 )(B)}. 

ii. (
 
 


 ) (AB)  = (

 
 


 ) ((C , D)  (E, F)) 

   = (
 
 


 ) (C E , DF) 

   = min { 

( CE) , 


( DF)} 

   ≥  min { min {

(C), 


(E)}, min{ 


( D), 


 (F)}} 

   = min { min {

(C), 


( D)},min{


(E), 


 (F)}} 

   = min { (
 
 


 )(C, D) , (

 
 


 )(E , F)} 

 (
 
 


 ) (AB)    min { (

 
 


 )(A) , (

 
 


 )(B)}. 

iii. (
  
 


 ) (A +B) = max { 


(C +E) , 


( D + F)} 
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    max{ max {

(C), 


(E)},max{ 


( D), 


 (F)}} 

    = max {max {

(C), 


( D)},max{


(E), 


 (F)}} 

    = max { (

 


)(C, D) , (

 
 


)(E, F)}  

 (
 
 


 ) (A +B)   max { (

 
 


 )(A) , (

 
 


 )(B)}. 

iv. (
  
 


 ) (AB)  = (

 
 


 ) ((C , D) (E, F)) 

    = (
 
 


 ) (C E , DF) 

    = max { 

( CE) , 


( DF)} 

      max{ max {

(C), 


(E)}, max{ 


( D), 


 (F)}} 

    = max {max {

(C), 


( D)}, max{


(E), 


 (F)}} 

    = max { (
 
 


)(C, D) , (

 
 


)(E, F)} 

 (
 
 


 ) (AB)    max { (

 
 


 )(A) , (

 
 


 )(B)}. 

Hence, 
G 
 

H 
  is an intuitionistic fuzzy semi HX ring of a semi HX ring . 

2.10 Theorem 

 Let G and H be any two intuitionistic fuzzy sets of R1 and R2 respectively. Let 1  2
R

1
  
– {} 

and 2  2
R

2
  
– {}  be any two semi HX rings. If 

G
 and 

H  
are any two intuitionistic fuzzy semi HX 

rings of 1 and 2  respectively. Suppose that Q and Q
1
 are identity elements of 1 and 2 

respectively. If  
G 
 

H 
  is an intuitionistic fuzzy semi HX ring of 1 × 2 , then  atleast one of the 

following statements must hold 

i.  
 

(Q
1
)   ≥  

 
(A)   and  


(Q

1
)    


(A) ,   for all A  1 

ii.   
 

(Q)   ≥   
 

( B)  and   

(Q)   


(B),    for all  B 2. 

Proof 

 Let G  = { x, (x), (x) / x R1 } and H  = { x, (x), (x) / x R2 } be any two  

intuitionistic fuzzy sets defined on a ring R1 and R2 respectively.   

Then, 
G 

= { A, 

(A), 


(A) / A1 } and 

H 
= { A, 


(A), 


(A) / A2 } be any two 

intuitionistic fuzzy semi HX ring of a semi HX ring 1 and 2  respectively. Then,  

(
G 

× 
H
) = {(A,B), (


 


 )(A, B), (

 
 


)(A, B) /(A, B) ∈ 1  × 2}, 

where   (

 


 )(A, B)  =  min {


(A), 


(B)}, for all (A, B) ∈ 1  × 2, 

  (
 
 


)(A, B) =  max {


 (A), 


(B)}, for all (A, B) ∈ 1  × 2. 

Let A, B  1 × 2, where A = (C,D), B = (E,F) , 

Let  
G 
 

H 
  be an intuitionistic fuzzy semi HX ring of 1 × 2. By contraposition, suppose that none 

of the statements (i) and (ii) holds then we can find A  1 and B 2 such that                          

i.  
 

(Q
1
)     

 
(A)   and  


(Q

1
)   


(A) ,   for all A  1 

ii.  
 

(Q)      
 

( B)  and   

(Q)   


(A),    for all  B 2. 

We have,    (

 


 )(A, B)  =  min {


(A), 


( B)}                              

     > min {

 ( Q

1
), 

 
(Q) } 

     = min{
 

(Q), 

( Q

1
)} 

     = (

 


 )(Q, Q

1
) 

(

 


 )(A, B)   > (


 


 )(Q, Q

1
). 

Also,  (
 
 


)(A, B)  =  max {


(A), 


(B)} 

     < max { 

(Q

1
), 


(Q)} 

     = max { 

(Q), 


(Q

1
) } 

     =  (
 
 


)(Q, Q

1
). 

(
 
 


)(A, B)  < (

 
 


)(Q, Q

1
). 

Thus , 
G 
 

H 
  is not an intuitionistic  fuzzy semi HX ring of 1 × 2. 

Hence, either      
 

(Q
1
)   ≥  

 
(A)   and   


(Q

1
)      


(A),   for all A  1  

or        
 

(Q)   ≥   
 

( B)  and    

(Q)     


(B),  for all  B 2. 
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2.12Theorem 

 Let G and H be any two intuitionistic fuzzy sets of R1 and R2 respectively. Let 1  2
R

1
  
– {} 

and 2  2
R

2
  
– {}  be any two semi HX rings. If 

G
 and 

H 
are any two intuitionistic fuzzy semi HX 

rings of 1 and 2 respectively, such that 
 

(Q
1
) ≥ 


(A) and   


(Q

1
)  


(A), for all A1, Q

1
 being 

the identity element of 2. If 
G 
 

H
 is an intuitionistic fuzzy semi HX ring of 1 × 2, then 

G
 is an 

intuitionistic fuzzy semi HX ring of 1. 

Proof 

 Let G  = { x, (x), (x) / x R1 } and H  = { x, (x), (x) / x R2 } be any two  

intuitionistic fuzzy sets defined on a semi rings R1 and R2 respectively.   

Then, 
G 

= { A, 

(A), 


(A) / A1 } and 

H 
= { A, 


(A), 


(A) / A2 } be any two 

intuitionistic fuzzy semi HX ring of a semi HX ring 1 and 2  respectively. Then,  

(
G 

× 
H
) = {(A,B), (


 


 )(A, B), (

 
 


)(A, B) /(A, B) ∈ 1  × 2}, 

where   (

 


 )(A, B)  =  min {


(A), 


(B)}, for all (A, B) ∈ 1  × 2, 

  (
 
 


)(A, B) =  max {


 (A), 


(B)}, for all (A, B) ∈ 1  × 2. 

Let 
G 
 

H
 be an intuitionistic fuzzy semi HX ring of 1 × 2 and A, B  1 then                                               

(A, Q
1
),(B, Q 

l 
)  1 × 2.  

Given,   
 

(Q
1
)  ≥  


(A)  and   


(Q

1
)     


(A), for all A  1. 

i.    

 (A+B) = min {


(A+B), 

 
(Q

1
+ Q

1
)} 

    = (
 
 


 )(A+B, Q

1
 +Q

1
) 

    = (
 
 


 )((A, Q

1
) +(B, Q

1
)) 

    ≥ min{(
 
 


 )(A, Q

1
) , (

 
 


 )(B, Q

1
)} 

    =    min{min{
 

(A), 

 (Q

1
)},min{

 
(B), 


(Q

1
)}} 

    = min{
 

(A), 
 

(B)} 



(A+B)  min{

 
(A), 

 
(B)}. 

ii.   

 (AB)  = min {

 
(AB), 


(Q

1
Q

1
)} 

    = (
 
 


 )(AB, Q

1
 Q

1
) 

    = (
 
 


 )((A, Q

1
) · (B, Q

1
)) 

     min{(
 
 


 )(A, Q

1
) , (

 
 


 )(B, Q

1
)} 

    = min{min{

 (A), 


(Q

1
)},min{


 (B), 


(Q

1
)}} 

    = min{

 (A), 


(B)} 



 (AB)   min{


 (A), 


(B)}. 

iii. 

(A+B) = max {


(A+B), 


(Q

1
+ Q

1
) } 

= (
 
 


)(A+B, Q

1
 + Q

1
) 

= (
 
 


) ((A, Q

1
) + (B, Q

1
)) 

 max{ (
 
 


)( A, Q

1
)), (

 
 


)( B, Q

1
)} 

 max {max{

(A), 


(Q

1
)}, max{


(B), 


(Q

1
)}} 

 max {

(A), 


(B)} 



(A+B)        max {


(A), 


(B)}. 

iv. 

(AB)  = max {


(AB), 


(Q

1
Q

1
) } 

= (
 
 


)(AB, Q

1
Q

1
) 

= (
 
 


) ((A, Q

1
) · (B, Q

1
)) 

 max{ (
 
 


)( A, Q

1
)), (

 
 


)( B, Q

1
)} 

 max {max{

(A), 


(Q

1
)}, max{


(B), 


(Q

1
)}} 

 max {

(A), 


(B)} 



(AB)         max {


(A), 


(B)}. 

Hence, 
G
 is an intuitionistic fuzzy semi HX ring of 1. 

2.13  Theorem 

 Let G and H be any two intuitionistic fuzzy sets of R1 and R2 respectively. Let 1  2
R

1
  
– {} 

and 2  2
R

2
  
– {}  be any two HX rings. If 

G
 and 

H 
are any two intuitionistic fuzzy semi HX rings 
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of 1 and 2  respectively, such that 
 

(Q)  ≥  
 

(A) and    

(Q)  


(A),  for all  A 2 , Q being 

the  identity element of 1. If  
G 
 

H
 is an intuitionistic fuzzy semi HX ring of 1 × 2, then 

H
 is an 

intuitionistic fuzzy semi HX ring of 2. 

Proof 

 Let G  = { x, (x), (x) / x R1 } and H  = { x, (x), (x) / x R2 } be any two  

intuitionistic fuzzy sets defined on a semi ring R1 and R2 respectively.   

Then, 
G 

= { A, 

(A), 


(A) / A1 } and 

H 
= { A, 


(A), 


(A) / A2 } be any two 

intuitionistic fuzzy semi HX ring of a semi HX ring 1 and 2  respectively. Then,  

(
G 

× 
H
) = {(A,B), (


 


 )(A, B), (

 
 


)(A, B) /(A, B) ∈ 1  × 2}, 

where   (

 


 )(A, B)  =  min {


(A), 


(B)}, for all (A, B) ∈ 1  × 2, 

  (
 
 


)(A, B) =  max {


 (A), 


(B)}, for all (A, B) ∈ 1  × 2. 

Let 
G 
 

H
 be an intuitionistic fuzzy semi HX ring of 1 × 2 and A, B  2 then                                

(Q, A),( Q, B)  1 × 2. 

Given, 
 

(Q)  ≥  
 

(A) and    

(Q)  


(A),  for all  A 2 

i. 

 (A+B)  = min {


(Q+Q), 

 
(A+B)} 

    = (
 
 


 )( Q + Q, A+B) 

    = (
 
 


 )(( Q, A) +(Q, B)) 

    ≥ min{(
 
 


 )( Q, A) , (

 
 


 )( Q, B)} 

    =    min{min{
 

(Q), 

 (A)},min{

 
(Q), 


(A)}} 

    = min{
 

(A), 
 

(B)} 



 (A+B)   min{

 
(A), 

 
(B)}. 

ii.  

 (AB)  = min {

 
(QQ), 


(AB)} 

    = (
 
 


 )(QQ, AB) 

    = (
 
 


 )(( Q, A) · (Q, A)) 

     min{(
 
 


 )( Q, A) , (

 
 


 )( Q, A)} 

    = min{min{

 (Q), 


(A)},min{


 (Q), 


(B)}} 

    = min{

 (A), 


(B)} 



(AB)     min{


 (A), 


(B)}. 

iii. 

 (A+B)  = max {


(Q+Q), 


(A+ B) } 

= (
 
 


)(Q+Q, A + B) 

= (
 
 


) ((Q, A) – (Q, B)) 

 max{ (
 
 


)( Q, A), (

 
 


)( Q, B)} 

 max {max{

(Q), 


(A)}, max{


(Q), 


(B)}} 

 max {

(A), 


(B)} 



(A+B)         max {


(A), 


(B)}. 

iv. 

 (AB)   = max {


(QQ), 


(AB) } 

= (
 
 


)(QQ, AB) 

= (
 
 


) ((Q, A) · (Q, B)) 

 max{ (
 
 


)( Q, A), (

 
 


)( Q, B)} 

 max {max{

(Q), 


(A)}, max{


(Q), 


(B)}} 

 max {

(A), 


(B)} 



(AB)          max {


(A), 


(B)}. 

Hence, 
H
 is an intuitionistic fuzzy semi HX ring of 2. 

2.14 Corollary 

 Let G and H be any two intuitionistic fuzzy sets of R1 and R2 respectively. Let 1  2
R

1
  
– {} 

and 2  2
R

2
  
– {}  be any two semi HX rings. If 

G
 and 

H 
are any two intuitionistic fuzzy semi HX 

rings of 1 and 2 respectively. If 
G 
 

H
 is an intuitionistic fuzzy semi HX ring of 1 × 2, then 

either  
G
 is an intuitionistic fuzzy semi HX ring of 1 or  

H
 is an intuitionistic fuzzy semi HX ring of 

2. 
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2.15 Definition 

Let H be an intuitionistic fuzzy set of R.  Let   2
R  

– {} be a semi HX ring. Let 
H
 be an 

intuitionistic fuzzy set of . We define the following “necessity” and possibility” operations: 

       λ
H
  = {   A, λ

µ
(A), 1– λ

µ
(A)   /  A} 

λ
H
   = {   A, 1– λ


(A), λ


(A)  / A}. 

2.16 Theorem 

Let H be an intuitionistic fuzzy set on R. Let 
H
 be an intuitionistic fuzzy semi HX ring of a 

semi HX ring  then λ
H
 is an intuitionistic fuzzy semi HX ring of a semi HX ring . 

Proof 

 Let 
H
 be an intuitionistic fuzzy semi HX ring of a semi HX ring . Then,  

i. 

   (A + B)  ≥  min { 


 (A),  


 (B) } , 

ii. 

  (AB)       ≥   min { 


 (A),  


 (B) }, 

iii. 

(A+ B)   max { 


(A) , 


(B) }, 

iv. 

(AB)   max { 


(A) , 


(B) }. 

Now,   

   (A+B)  ≥  min { 


 (A),  


 (B) } 

   1

 (A + B)    1  min { 


 (A),  


 (B) } 

         max { 1  

 (A), 1  

 
(B) }. 

That is,    1

 (A + B)    max { 1  


 (A), 1  

 
(B) }. 

We have,   

   (AB)       ≥   min { 


 (A),  


 (B) } 

   1

   (AB)        1  min { 


 (A),  


 (B) } 

        max { 1  

 (A), 1  

 
(B) }. 

That is,    1

 (AB)    max { 1  


 (A), 1  

 
(B) }. 

Hence, λ
H
 is an intuitionistic fuzzy semi HX ring of a semi HX ring . 

2.17 Theorem 

Let H be an intuitionistic fuzzy set on R. Let 
H
 be an intuitionistic fuzzy semi HX ring of a 

semi HX ring  then λ
H
 is an intuitionistic fuzzy semi HX ring of a semi HX ring . 

Proof 

Let 
H
 be an intuitionistic fuzzy  semi HX ring of a semi HX ring . Then,  

i. 

   (A+B)  ≥  min { 


 (A),  


 (B) } , 

ii. 

  (AB)       ≥   min { 


 (A),  


 (B) }, 

iii. 

(A+ B)   max { 


(A) , 


(B) }, 

iv. 

(AB)   max { 


(A) , 


(B) }. 

Now, 

 (A + B)   max { 


 (A),  


 (B) } 

 1

(A+B)    1  max { 


(A),  


 (B) } 

         min { 1  

(A), 1  

 
(B) }. 

That is,  1

 (A + B)    min { 1  


 (A), 1  

 
(B) }. 

We have,    

 

  ( AB)          max { 


 (A),  


 (B) } 

 1

(AB)    1  max { 


(A),  


 (B) } 

           min { 1  

(A), 1  

 
(B) }. 

That is,  1

 (AB)    min { 1  


 (A), 1  

 
(B) }. 

Hence, λ
H
 is an intuitionistic fuzzy HX subring of a HX ring . 

3. HOMOMORPHISM AND ANTI HOMOMORPHISM OF AN INTUITIONISTIC FUZZY SEMI HX RING OF 

A SEMI HX RING 

In this section, we introduce the concept of an image, pre-image of an intuitionistic fuzzy subset of a 

semi HX ring and discuss the properties of homomorphic and anti homomorphic images and pre -

images of an intuitionistic fuzzy semi HX ring of a semi HX ring  . 
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3.1 Definition 

 Let R1 and R2 be any two semi rings. Let 1  2 
R

1 – {} and 2  2 
R

2
 
– {}  be any two  

semi HX rings defined on R1 and R2 respectively. Let H and G be any two intuitionistic fuzzy subsets 

in R1 and R2 respectively. Let 
H 

and 
G
 be fuzzy subsets defined on 1 and 2 respectively induced 

by H and G.  Let f: 1  2   be a mapping then the image of  
H
  denoted as f (

H
) is an intuitionistic  

fuzzy subset of  2    defined as for each U2, 

sup {
 

(X): X f 
-1

(U)}      ,  if  f 
-1

(U)  ≠    

(f (

)) (U) =     

     0                                      ,  otherwise 

 

inf {
 

(X): X f 
-1

(U)}        ,  if  f 
-1

(U)  ≠    

(f (

)) (U) =     

     1                                      ,  otherwise 

 

Also the pre-image of  
G 

 denoted as f 
-1

(
G
) under f is an intuitionistic fuzzy subset of 1 defined as 

for each X  1 ,  (f 
-1

(

))(X)  =   


 (

 
f (X)) and (f 

-1
(


))(X)  =   


(

 
f (X)). 

3.2 Definition 

 Let R1 and R2 be any two semi rings. Let 1  2 
R

1
 
– {} and 2  2 

R
2

 
– {}  be any two  

semi HX rings defined on R1 and R2 respectively. The mapping f: 1  2   is said to be a 

homomorphism if it satisfies the following conditions. For any A, B 1, 

i. f(A+B)  = f(A) + f(B) 

ii. f(AB)  = f(A)f(B). 

3.3 Definition 

 Let R1 and R2 be any two rings. Let 1  2 
R1 

– {} and 2  2 
R2 

– {}  be any two semi HX 

rings defined on R1 and R2 respectively(not necessarily commutative). The mapping f: 1  2   is 

said to be an anti homomorphism  if it satisfies the following conditions. For any A, B 1, 

i. f(A+B)  = f(A) + f(B) 

ii. f(AB)  = f(B)f(A). 

3.4 Theorem  

Let 1 and 2 be any two semi HX rings on the rings R1 and R2 respectively.                            

Let f : 1  2  be a homomorphism onto semi HX rings. Let H be an intuitionistic fuzzy subset of 

R1. Let  λ
H

  be an intuitionistic fuzzy semi HX ring  of 1  then f (λ
H
) is an intuitionistic fuzzy  semi 

HX ring of 2, if  λ
H 

  has a supremum property and  λ
H

  is  f-invariant. 

Proof 

  Let H  = { x, (x), (x) / xR1 } be an intuitionistic fuzzy sets defined on a semi ring 

R1.Then, 
H 

= { X, 

(X), 


(X) / X1 } be an intuitionistic fuzzy semi HX ring of a semi HX ring 

1. Then, f(
H
)

 
= { f(X), f(


)(f(X)), f(


)(f(X)) / X1 }. 

There exist X,Y 1 such that f(X) , f(Y)  2,  

i. (f (λ

)) (f(X) +f(Y))   =  (f(λ


))(f(X+Y)) ,                                  

                =    λ

 (X+Y)                 

                ≥   min {λ
 

(X) , λ
 

(Y)} 

                                  =   min {(f (λ

))

 
(f(X)) , (f (λ


))

 
(f(Y))} 

  (f (λ

)) (f(X) +f(Y))  ≥   min {(f (λ


))

 
(f(X) ), (f (λ


))

 
(f(Y))}. 

ii. (f (λ

)) (f(X) f(Y))      =   (f (λ


)) (f(XY))  

                                  =    λ

 (XY)                 

                                  ≥   min {λ
 

(X) , λ
 

(Y)} 

                                  =   min {(f (λ

))

 
(f(X)) , (f (λ


))

 
(f(Y))} 
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  (f (λ

)) (f(X)f(Y)) ≥   min {(f (λ


))

 
(f(X)) , (f (λ


))

 
(f(Y))} 

iii. (f (λ

)) (f(X) + f(Y))  =  (f(λ


))(f(X+Y)) ,                                  

                =    λ

 (X+Y)                 

                                     max {λ
 

(X) , λ
 

(Y)} 

                                  =   max {(f (λ

))

 
(f(X)) , (f (λ


))

 
(f(Y))} 

  (f (λ

)) (f(X) + f(Y))     max {(f (λ


))

 
(f(X) ), (f (λ


))

 
(f(Y))} 

iv. (f (λ

)) (f(X) f(Y))      =   (f (λ


)) (f(XY))  

                                  =    λ

 (XY)                 

                                     max {λ
 

(X) , λ
 

(Y)} 

                                  =   max {(f (λ

))

 
(f(X)) , (f (λ


))

 
(f(Y))} 

  (f (λ

)) (f(X)f(Y))     max {(f (λ


))

 
(f(X) ), (f (λ


))

 
(f(Y))} 

Hence, f (λ
H
) is an intuitionistic fuzzy semi HX ring of 2. 

3.5 Theorem  

Let 1 and 2 be any two semi HX rings on R1 and R2 respectively. Let f : 1  2  be a 

homomorphism on semi HX rings. Let G be an intuitionistic fuzzy subset of R2. Let 
G
 be an 

intuitionistic fuzzy semi HX ring of 2, then f 
–1

(
G
) is an intuitionistic fuzzy semi HX ring of 1.   

Proof 

 Let G  = { y, (y), (y) / yR2 } be an intuitionistic fuzzy sets defined on a semi ring 

R2.Then, 
G 

= { Y, 

(Y), 


(Y) / Y2 } be an intuitionistic fuzzy semi HX ring of a semi HX ring 

2. Then, f 
–1 

(
G
)

 
= { X, f 

–1 
(


)(X), f 

–1 
(


)(X) / X1 }. 

For any X,Y  1, f(X) , f(Y)  2, 

i.         (f 
–1

(

))

 
(X+Y) =    


 (f(X+Y)) 

    =    

 (f(X) +f(Y)) 

≥   min {

 (f(X)) , 


 (f(Y))} 

=    min {(f 
–1

(

)) (X) , (f 

–1
(


)) (Y)} 

   (f 
–1

(

))

 
(X+Y) ≥    min{( f 

–1
(


)) (X) , (f 

–1
(


)) (Y)}. 

ii.        (f 
–1

(

))

 
(XY) =    


 (f(XY)) 

     =    

 (f(X) f(Y))   

≥    min {

 (f(X)) , 


 (f(Y))} 

=    min {(f 
–1

(

)) (X) , (f 

–1
(


)) (Y)} 

  (f 
–1

(

))

 
(XY) ≥    min {(f 

–1
(


)) (X) , (f 

–1
(


)) (Y)} 

iii.      (f 
–1

(

))

 
(X+Y) =    


 (f(X+Y)) 

    =    

(f(X) +f(Y)) 

   max {

 (f(X)) , 


 (f(Y))} 

=    max {(f 
–1

(

)) (X) , (f 

–1
(


)) (Y)} 

   (f 
–1

(

))

 
(X+Y)     max{( f 

–1
(


)) (X) , (f 

–1
(


)) (Y)}. 

iv.        (f 
–1

(

))

 
(XY) =    


 (f(XY)) 

     =    

 (f(X) f(Y))   

    max {

 (f(X)) , 


 (f(Y))} 

=    max {(f 
–1

(

)) (X) , (f 

–1
(


)) (Y)} 

  (f 
–1

(

))

 
(XY)      max{( f 

–1
(


)) (X) , (f 

–1
(


)) (Y)}. 

Hence, f 
–1

(
G
) is an intuitionistic fuzzy semi HX ring of 1. 

3.6 Theorem 

Let 1 and 2 be any two semi HX rings on the semi rings R1 and R2 respectively.                            

Let f : 1  2  be an anti homomorphism onto semi HX rings. Let H be an intuitionistic fuzzy subset 

of R1. Let λ
H

 be an intuitionistic fuzzy semi HX ring of 1 then f (λ
H
) is an intuitionistic fuzzy semi 

HX ring of 2, if λ
H 

has a supremum property and λ
H

 is f-invariant. 

Proof 

 Let H  = { x, (x), (x) / xR1 } be an intuitionistic fuzzy sets defined on a semi ring R1. 

Then, 
H 

= { X, 

(X), 


(X) / X1 } be an intuitionistic fuzzy semi HX ring of a semi HX ring 

1. Then, f(
H
)

 
= { f(X), f(


)(f(X)), f(


)(f(X)) / X1 }. 
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There exist X,Y 1 such that f(X) , f(Y)  2,  

i. (f (λ

)) (f(X) + f(Y))  =  (f(λ


))(f(X+Y)) ,                                  

                =     λ

 (X+Y)                 

                                  = min {λ
 

(X) , λ
 

(Y)} 

                                  =   min {(f (λ

))

 
(f(X)) , (f (λ


))

 
(f(Y))} 

  (f (λ

)) (f(X) + f(Y))  ≥   min {(f (λ


))

 
(f(X) ), (f (λ


))

 
(f(Y))} 

ii. (f (λ

)) (f(X) f(Y))      =   (f (λ


)) (f(YX))  

                            =    λ

 (YX)                 

                           ≥   min {λ
 

(Y) , λ
 

(X)} 

    = min {λ
 

(X) , λ
 

(Y)} 

                            =   min {(f (λ

))

 
(f(X)) , (f (λ


))

 
(f(Y))} 

  (f (λ

)) (f(X) + f(Y))  ≥   min {(f (λ


))

 
(f(X) ), (f (λ


))

 
(f(Y))} 

iii. (f (λ

)) (f(X) + f(Y))  =   (f(λ


))(f(X+Y)) ,                                  

                =    λ

 (X+Y)                 

                                      max {λ
 

(X) , λ
 

(Y)} 

                                  =    max {(f (λ

))

 
(f(X)) , (f (λ


))

 
(f(Y))},  

(f (λ

)) (f(X) +f(Y))      max {(f (λ


))

 
(f(X) ), (f (λ


))

 
(f(Y))} 

 

iv. (f (λ

)) (f(X) f(Y))      =   (f (λ


)) (f(YX))  

                                  =    λ

 (YX)                 

                                      max {λ
 

(Y) , λ
 

(X)} 

    = max {λ
 

(X) , λ
 

(Y)} 

                                  =    max {(f (λ

))

 
(f(X)) , (f (λ


))

 
(f(Y))} 

        (f (λ

)) (f(X)f(Y))      max {(f (λ


))

 
(f(X) ), (f (λ


))

 
(f(Y))} 

Hence, f (λ
H
) is an intuitionistic fuzzy semi HX ring of 2. 

3.7 Theorem 

Let 1 and 2 be any two semi HX rings on R1 and R2 respectively. Let f : 1  2  be an anti 

homomorphism on semi  HX rings. Let G be an intuitionistic fuzzy subset of R2. Let 
G
 be an 

intuitionistic fuzzy semi HX ring of 2, then f 
–1

(
G
) is an intuitionistic fuzzy semi HX ring of 1.   

Proof 

 Let G  = { y, (y), (y) / yR2 } be an intuitionistic fuzzy sets defined on a semi ring 

R2.Then, 
G 

= { Y, 

(Y), 


(Y) / Y2 } be an intuitionistic fuzzy semi HX ring of a semi HX ring 

2. Then, f 
–1 

(
G
)

 
= { X, f 

–1 
(


)(X), f 

–1 
(


)(X) / X1 }. 

For any X,Y  1, f(X) , f(Y)  2, 

i. (f 
–1

(

))

 
(X+Y)  =    


 (f(X+Y)) 

    =    

 (f(X) +f(Y)) 

≥   min {

 (f(X)) , 


 (f(Y))} 

=    min {(f 
–1

(

)) (X) , (f 

–1
(


)) (Y)} 

  (f 
–1

(

))

 
(X+Y)  ≥    min{( f 

–1
(


)) (X) , (f 

–1
(


)) (Y)}. 

ii. (f 
–1

(

))

 
(XY)  =    


 (f(XY)) 

     =    

 (f(Y) f(X))   

≥    min {

 (f(Y)) , 


 (f(X))} 

= min {

 (f(X)) , 


 (f(Y))} 

=    min {(f 
–1

(

)) (X) , (f 

–1
(


)) (Y)} 

  (f 
–1

(

))

 
(XY)  ≥    min{( f 

–1
(


)) (X) , (f 

–1
(


)) (Y)}. 

iii. (f 
–1

(

))

 
(X+Y)  =    


 (f(X+Y)) 

    =    

(f(X) + f(Y)) 

   max {

 (f(X)) , 


 (f(Y))} 

=    max {(f 
–1

(

)) (X) , (f 

–1
(


)) (Y)} 

  (f 
–1

(

))

 
(X+Y)      max{( f 

–1
(


)) (X) , (f 

–1
(


)) (Y)}. 

iv.  (f 
–1

(

))

 
(XY)  =    


 (f(XY)) 
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     =    

 (f(Y) f(X))   

    max {

 (f(Y)) , 


 (f(X))} 

=   max {

 (f(X)) , 


 (f(Y))} 

=    max {(f 
–1

(

)) (X) , (f 

–1
(


)) (Y)} 

  (f 
–1

(

))

 
(XY)      max{( f 

–1
(


)) (X)I  , (f 

–1
(


)) (Y)}. 

Hence, f 
–1

(
G
) is an intuitionistic fuzzy semi HX ring of 1. 

4. CONCLUSION  

This paper used to enrich our focus towards intuitionistic fuzzy semi HX ring and its properties. It 

help us to study the applications of intuitionistic Fuzzy semi HX ring later. 
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