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1. INTRODUCTION 

Let 𝐻 be a complex Hilbert space and 𝐵(𝐻) be the set of bounded linear operators on 𝐻. An 

elementary operator, 𝐸𝑛 :𝐵(𝐻) ⟶ 𝐵(𝐻) is defined as,  

𝐸𝑛 𝑊 =  𝑇𝑖𝑊𝑆𝑖 ,

𝑛

𝑖=1

 

for all 𝑊 ∈ 𝐵 𝐻 ,𝑇𝑖 , 𝑆𝑖  being fixed elements of 𝐵 𝐻 . When 𝑛 = 1, then we have a basic elementary 

operator, 𝐸𝑛 :𝐵 𝐻 ⟶ 𝐵 𝐻 , defined as 𝐸1 𝑊 = 𝑇𝑊𝑆, for all 𝑊 ∈ 𝐵 𝐻  and 𝑇, 𝑆 fixed in  𝐵 𝐻 . 
The basic elementary operator is usually denoted by 𝑀𝑇,𝑆 . When 𝑛 = 2, we obtain the elementary 

operator of length two, defined as,  

𝐸2 𝑊 = 𝑇1𝑊𝑆1 + 𝑇2𝑊𝑆2 , 

for all 𝑊 ∈ 𝐵 𝐻  and 𝑇𝑖 , 𝑆𝑖 fixed in 𝐵 𝐻  for 𝑖 = 1,2. This paper has determined the norm of the 

elementary operator of length two. The Jordan elementary operator, 𝑈𝑇 ,𝑆:𝐵 𝐻 ⟶ 𝐵 𝐻 , defined as 

𝑈𝑇 ,𝑆 𝑊 = 𝑇𝑊𝑆 + 𝑆𝑊𝑇 for all 𝑊 ∈ 𝐵 𝐻  and 𝑇, 𝑆 fixed in  𝐵 𝐻 , is an example of elementary 

operators. 

The maximal numerical range of 𝑇 ∈ 𝐵(𝐻) is the set, 

 𝑊0 𝑇 =  𝜆 ∈ ℂ:  𝑇𝑥𝑛 ,𝑥𝑛  ⟶ 𝜆,  𝑥𝑛 = 1,  𝑇𝑥𝑛 ⟶  𝑇  ,  

while the maximal numerical range 𝑊𝑆(𝑇∗𝑆) of 𝑇∗𝑆 relative to 𝑆 is defined as,  

𝑊𝑆 𝑇
∗𝑆 =  𝜆 ∈ ℂ:∃ 𝑥𝑛 ⊆ 𝐻,  𝑥𝑛 = 1, lim

𝑛→∞
 𝑇∗𝑆𝑥𝑛 ,𝑥𝑛  = 𝜆, lim

𝑛→∞
 𝑆𝑥𝑛 =  𝑆  , 

where 𝑇∗ is the Hilbert adjoint of 𝑇. 

For any 𝑥,𝑦 ∈ 𝐻, the rank one operator, 𝑥⨂𝑦 ∈ 𝐵 𝐻 , is defined by (𝑥⨂𝑦)(𝑧) =  𝑧,𝑦 𝑥, for all 

𝑧 ∈ 𝐻.  

This paper employs the concept of the maximal numerical range to determine the lower bound of the 

norm of elementary operator 𝐸2 , and also to determine the conditions under which the norm of this 

operator is expressible in terms of the norms of its coefficient operators in 𝐵 𝐻 . The approach used 

by Barraa and Boumazgour [1] is employed in obtaining our results. 

Abstract: Norms of elementary operators have been studied by many mathematicians. Varied results have 

been gotten using different approaches. In this paper we use maximal numerical range to express the norm of 

an elementary operator of length two in terms of its coefficient operators. 
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2. THE NORM OF THE JORDAN ELEMENTARY OPERATOR 

Let 𝐻 be a complex Hilbert space, 𝐵(𝐻) be the algebra of bounded linear operators on 𝐻, and 

𝑇, 𝑆 ∈ 𝐵(𝐻) be fixed. Recall that the Jordan elementary operator, 𝑈𝑇,𝑆:𝐵 𝐻 ⟶ 𝐵 𝐻 , is defined as 

𝑈𝑇 ,𝑆 𝑊 = 𝑇𝑊𝑆 + 𝑆𝑊𝑇, for all 𝑊 ∈ 𝐵 𝐻 . 

Several people have attempted to determine the norm of this operator. Mathieu [4], in 1990 proved 

that in the case of prime C*-algebras, the lower bound of the norm of 𝑈𝑇 ,𝑆 can be estimated by 

 𝑈𝑇,𝑆 ≥
2

3
 𝑇  𝑆 . In 1994, Cabrera and Rodriguez [2], proved that  𝑈𝑇 ,𝑆 ≥

1

20412
 𝑇  𝑆 , for 

prime JB*-algebras. 

On their part, Stacho and Zalar [5], in 1996, worked on the standard operator algebra (which is a sub-

algebra of 𝐵(𝐻) that contains all finite rank operators). They first showed that the operator 𝑈𝑇 ,𝑆 

actually represents a Jordan triple structure of a C*-algebra. They also showed that if 𝐴 is a standard 

operator algebra acting on a Hilbert space 𝐻, and 𝑇, 𝑆 ∈ 𝐴, then  𝑈𝑇,𝑆 ≥ 2( 2 − 1) 𝑇  𝑆 . They 

later (1998), proved that  𝑈𝑇,𝑆 ≥  𝑇  𝑆  for the algebra of symmetric operators acting on a Hilbert 

space. They attached a family of Hilbert spaces to standard operator algebra and used the inner 

products in them to obtain their results. 

Barraa and Boumazguor [1], in the year 2001 used the concept of the numerical range of 𝑇 relative to 

𝑆, denoted by 𝑊𝑆 𝑇
∗𝑆 , to obtain their results. They employed the idea of finite rank operators to 

show that if 𝑇, 𝑆 ∈ 𝐵(𝐻) with 𝑆 ≠ 0, then 

  𝑈𝑇,𝑆 ≥ sup𝜆∈𝑊𝑆 (𝑇∗𝑆)    𝑆 𝑇 +
𝜆 

 𝑆 
𝑆  .  

As a consequent of this, they proved that if 0 ∈ 𝑊𝑆 𝑇
∗𝑆 ⋃𝑊𝑇 𝑆

∗𝑇 , then  𝑈𝑇,𝑆 ≥  𝑇  𝑆 . They 

also showed that if  𝑇  𝑆 ∈ 𝑊𝑇 𝑆
∗𝑇 ⋂ ∈ 𝑊𝑇∗ 𝑆𝑇

∗ , then  𝑈𝑇 ,𝑆 = 2 𝑇  𝑆 . 

3. NORM OF ELEMENTARY OPERATOR OF LENGTH TWO 

Kingangi et al [3] in 2014 used finite rank operators to determine the norm of the elementary operator 

𝐸2 . They showed that for an operator 𝑊 ∈ 𝐵 𝐻  with  𝑊 = 1 and 𝑊 𝑥 = 𝑥 for all unit vectors 

𝑥 ∈ 𝐻;  

 𝐸2 =   𝑇𝑖  𝑆𝑖 .

2

𝑖=1

 

Below, we present more results on the norm of this operator by employing the concept of the maximal 

numerical range. In the first two results, we determine the lower bound of the norm of 𝐸2 while in the 

last result, the norm of 𝐸2 is expressed in terms of the norms of its coefficient operators. 

Theorem 3.1. Let 𝐸2 be an elementary operator of length two on 𝐵(𝐻). Then,  

 𝐸2 ≥ 𝑠𝑢𝑝
𝜆∈𝑊𝑠1 (𝑆2

∗𝑆1)
   𝑆1 𝑇1 +

𝜆 

 𝑆1 
𝑇2  , 

where 𝑆𝑖 ,𝑇𝑖  are fixed elements of 𝐵(𝐻) for 𝑖 = 1,2. 

Proof. Let  𝑥𝑛 𝑛≥1 be a sequence of unit vectors in a Hilbert space 𝐻 and 𝑦⨂𝑥𝑛 ∈ 𝐵(𝐻) be a rank-

one operator on 𝐻,𝑦 be a unit vector in 𝐻, defined by  𝑦⨂𝑥𝑛  𝑥 =  𝑥, 𝑥𝑛  𝑦 for all 𝑥 ∈ 𝐻. The 

maximal numerical range of 𝑆2
∗𝑆1 relative to 𝑆1 is given as  

𝑊𝑆1
 𝑆2

∗𝑆1 =  𝜆 ∈ ℂ:∃ 𝑥𝑛 ⊆ 𝐻,  𝑥𝑛 = 1, lim
𝑛→∞

 (𝑆2
∗𝑆1)𝑥𝑛 ,𝑥𝑛  = 𝜆, lim

𝑛→∞
 𝑆1𝑥𝑛 =  𝑆1  , 

where 𝑆1 ,𝑆2 ∈ 𝐵 𝐻 . 

Now, 
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                    𝐸2 𝑦⨂𝑆1𝑥𝑛  𝑥𝑛 =    𝑀𝑇𝑖 ,𝑆𝑖
 𝑦⨂𝑆1𝑥𝑛 

2
𝑖=1  𝑥𝑛  

    ≤   𝑀𝑇𝑖 ,𝑆𝑖
 𝑦⨂𝑆1𝑥𝑛 

2
𝑖=1   𝑥𝑛  

    ≤   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1   𝑦⨂𝑆1𝑥𝑛  

    ≤   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1   𝑦  𝑆1  𝑥𝑛  

    =   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1   𝑆1  

Therefore, 

                       𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1   𝑆1 ≥    𝑀𝑇𝑖 ,𝑆𝑖

 𝑦⨂𝑆1𝑥𝑛 
2
𝑖=1  𝑥𝑛  

 =  (𝑇1 𝑦⨂𝑆1𝑥𝑛 𝑆1 + 𝑇2 𝑦⨂𝑆1𝑥𝑛 𝑆2)𝑥𝑛   

 =  𝑇1 𝑦⨂𝑆1𝑥𝑛 𝑆1𝑥𝑛 + 𝑇2 𝑦⨂𝑆1𝑥𝑛 𝑆2𝑥𝑛  

 =   𝑆1𝑥𝑛 ,𝑆1𝑥𝑛  𝑇1𝑦 +  𝑆2𝑥𝑛 ,𝑆1𝑥𝑛  𝑇2𝑦   

 =   𝑆1𝑥𝑛 
2𝑇1𝑦 +  𝑥𝑛 , (𝑆2

∗𝑆1)𝑥𝑛  𝑇2𝑦  

Thus; 

(3.1)   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥

1

 𝑆1 
  𝑆1𝑥𝑛 

2𝑇1𝑦 +  𝑥𝑛 , (𝑆2
∗𝑆1)𝑥𝑛  𝑇2𝑦 .  

Taking limits as 𝑛 ⟶ ∞ we obtain, 

 lim
𝑛⟶∞

 𝑥𝑛 , (𝑆2
∗𝑆1)𝑥𝑛 = lim

𝑛⟶∞
 (𝑆2

∗𝑆1)𝑥𝑛 ,𝑥𝑛                          = 𝜆,  lim
𝑛⟶∞

 𝑆1𝑥𝑛 =  𝑆1 . 

Therefore, 

   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥   𝑆1 𝑇1𝑦 +

𝜆 

 𝑆1 
𝑇2𝑦 , 

and this is true for any 𝜆 ∈ 𝑊𝑠1
(𝑆2

∗𝑆1)  and for any unit vector 𝑦 ∈ 𝐻. 

Now, consider the set; 

     𝑆1 𝑇1𝑦 +
𝜆 

 𝑆1 
𝑇2𝑦 : 𝜆 ∈ 𝑊𝑠1

 𝑆2
∗𝑆1 ,𝑦 ∈ 𝐻,  𝑦 = 1 , 

where 𝑇1 ,𝑇2 ,𝑆1 ,𝑆2 are fixed elements of 𝐵 𝐻 . 

Then we have   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥ 𝑠𝑢𝑝𝜆    𝑆1 𝑇1𝑦 +

𝜆 

 𝑆1 
𝑇2𝑦 : 𝜆 ∈ 𝑊𝑠1

 𝑆2
∗𝑆1 ,𝑦 ∈ 𝐻,  𝑦 = 1 . 

But; 

𝑠𝑢𝑝𝜆    𝑆1 𝑇1𝑦 +
𝜆 

 𝑆1 
𝑇2𝑦 : 𝜆 ∈ 𝑊𝑠1

 𝑆2
∗𝑆1 ,𝑦 ∈ 𝐻,  𝑦 = 1 = 𝑠𝑢𝑝𝜆    𝑆1 𝑇1 +

𝜆 

 𝑆1 
𝑇2 : 𝜆 ∈

𝑊𝑠1𝑆2∗𝑆1.  

Therefore,   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥ 𝑠𝑢𝑝𝜆    𝑆1 𝑇1 +

𝜆 

 𝑆1 
𝑇2 : 𝜆 ∈ 𝑊𝑠1

 𝑆2
∗𝑆1  . That is,  
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 𝐸2 ≥ 𝑠𝑢𝑝𝜆    𝑆1 𝑇1 +
𝜆 

 𝑆1 
𝑇2 : 𝜆 ∈ 𝑊𝑠1

 𝑆2
∗𝑆1  , 

and this completes the proof.          

Corollary 3.2. Let 𝐻 be a complex Hilbert space and 𝑇𝑖 , 𝑆𝑖 be bounded linear operators on 𝐻 for 

𝑖 = 1,2. Let 0 ∈ 𝑊𝑆1
(𝑆2

∗𝑆1)⋃𝑊𝑆2
(𝑆1

∗𝑆2) . Then, 𝐸2 ≥  𝑇1  𝑆1 , where 𝐸2 is as defined earlier. 

Proof. Let 0 ∈ 𝑊𝑆1
(𝑆2

∗𝑆1)⋃𝑊𝑆2
(𝑆1

∗𝑆2). Then 0 ∈ 𝑊𝑆1
(𝑆2

∗𝑆1) or 0 ∈ 𝑊𝑆2
(𝑆1

∗𝑆2), and therefore, either 

there is a sequence {𝑥𝑛}𝑛>1 of unit vectors in 𝐻 such that lim𝑛→∞  𝑆2
∗𝑆1 𝑥𝑛 ,𝑥𝑛  = 0 and 

lim𝑛→∞ 𝑆1𝑥𝑛 =  𝑆1 , or, there is a sequence {𝑦𝑛}𝑛>1 of unit vectors in 𝐻 such that 

lim𝑛→∞  𝑆1
∗𝑆2 𝑦𝑛 ,𝑦𝑛  = 0 and lim𝑛→∞ 𝑆2𝑦𝑛 =  𝑆2 . Recall that in inequality 3.1, we obtained; 

    𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥

1

 𝑆1 
  𝑆1𝑥𝑛 

2𝑇1𝑦 +  𝑥𝑛 , (𝑆2
∗𝑆1)𝑥𝑛  𝑇2𝑦 . 

This is equivalent to; 

(3.2)    𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥

1

 𝑆1 
  𝑆1𝑦𝑛 

2𝑇1𝑦 +  (𝑆1
∗𝑆2)𝑦𝑛 ,𝑦𝑛  𝑇2𝑦 , 

considering the sequence {𝑦𝑛}𝑛>1. 

Taking limits in either inequality (3.1) or inequality (3.2), we obtain 

    𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥   𝑆1 𝑇1𝑦 , 

and this is true for all unit vectors 𝑦 ∈ 𝐻. 

Now, consider the set    𝑆1 𝑇1𝑦 :𝑦 ∈ 𝐻,  𝑦 = 1 , where 𝑇1 and 𝑆1 are bounded linear operators on 

𝐻. Then we have; 

    𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥ 𝑠𝑢𝑝   𝑆1 𝑇1𝑦 :𝑦 ∈ 𝐻,  𝑦 = 1 . 

But 𝑠𝑢𝑝   𝑆1 𝑇1𝑦 :𝑦 ∈ 𝐻,  𝑦 = 1 =  𝑆1  𝑇1 . Therefore,   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥  𝑆1  𝑇1 , or  

 𝐸2 ≥  𝑇1  𝑆1 , and this completes the proof.        

In the next theorem, the conditions under which the norm of the elementary operator 𝐸2 is expressible 

in terms of the norms of the corresponding coefficient operators on 𝐻 is given. 

Theorem 3.3. Let 𝐻 be a complex Hilbert space and 𝑇𝑖 , 𝑆𝑖  be bounded linear operators on 𝐻 for 

𝑖 = 1,2. Let 𝐸2  be an elementary operator of length two. If  𝑇1  𝑇2 ∈ 𝑊𝑇1
∗(𝑇2𝑇1

∗) and  𝑆1  𝑆2 ∈

𝑊𝑆2
(𝑆1

∗𝑆2), then,  𝐸2 =   𝑇𝑖  𝑆𝑖 .2
𝑖=1  

Proof.Suppose that  𝑇1  𝑇2 ∈ 𝑊𝑇1
∗(𝑇2𝑇1

∗) and  𝑆1  𝑆2 ∈ 𝑊𝑆2
(𝑆1

∗𝑆2). Then there are two 

sequences {𝑥𝑛}𝑛>1 and {𝑦𝑛}𝑛>1 of unit vectors in 𝐻 such that lim𝑛→∞  𝑇2𝑇1
∗ 𝑥𝑛 ,𝑥𝑛  =  𝑇1  𝑇2 , 

lim𝑛→∞ 𝑇1
∗𝑥𝑛 =  𝑇1 , and lim𝑛→∞  𝑆1

∗𝑆2 𝑦𝑛 ,𝑦𝑛  =  𝑆1  𝑆2 , lim𝑛→∞ 𝑆2𝑦𝑛 =  𝑆2 . Since 

   𝑇2𝑇1
∗ 𝑥𝑛 ,𝑥𝑛   ≤  𝑇1

∗𝑥𝑛  𝑇2
∗𝑥𝑛  and    𝑆1

∗𝑆2 𝑦𝑛 ,𝑦𝑛   ≤  𝑆2𝑦𝑛  𝑆1𝑦𝑛 , then lim𝑛→∞ 𝑇2
∗𝑥1 =

𝑇2 and lim𝑛→∞𝑆1𝑦𝑛=𝑆1. 

For each 𝑛 ≥ 1, we have; 

  𝐸2 𝑥𝑛⨂𝑦𝑛  𝑇1
∗𝑦𝑛 

2
=  (𝑆1 𝑥𝑛⨂𝑦𝑛 𝑇1 + 𝑆2 𝑥𝑛⨂𝑦𝑛 𝑇2)𝑇1

∗𝑦𝑛 
2 

  =  𝑆1 𝑥𝑛⨂𝑦𝑛 𝑇1𝑇1
∗𝑦𝑛 + 𝑆2 𝑥𝑛⨂𝑦𝑛 𝑇2𝑇1

∗𝑦𝑛 
2 

  =   𝑇1𝑇1
∗𝑦𝑛 ,𝑦𝑛  𝑆1𝑥𝑛 +  𝑇2𝑇1

∗𝑦𝑛 ,𝑦𝑛  𝑆2𝑥𝑛 
2 

  =   𝑇1
∗𝑦𝑛 ,𝑇1

∗𝑦𝑛  𝑆1𝑥𝑛 +  𝑇2𝑇1
∗𝑦𝑛 ,𝑦𝑛  𝑆2𝑥𝑛 

2 

  =   𝑇1
∗𝑦𝑛 

2𝑆1𝑥𝑛 +  𝑇2𝑇1
∗𝑦𝑛 ,𝑦𝑛  𝑆2𝑥𝑛 

2 

  =   𝑇1
∗𝑦𝑛 

2𝑆1𝑥𝑛 +  𝑇2𝑇1
∗𝑦𝑛 ,𝑦𝑛  𝑆2𝑥𝑛 ,  𝑇1

∗𝑦𝑛 
2𝑆1𝑥𝑛 +  𝑇2𝑇1

∗𝑦𝑛 ,𝑦𝑛  𝑆2𝑥𝑛  
  = 

  𝑇1
∗𝑦𝑛 

2𝑆1𝑥𝑛 
2 + 2𝑅𝑒  𝑇2𝑇1

∗𝑦𝑛 ,𝑦𝑛  𝑆2𝑥𝑛 , 𝑇1
∗𝑦𝑛 

2𝑆1𝑥𝑛 +   𝑇2𝑇1
∗𝑦𝑛 ,𝑦𝑛   

2 𝑆2𝑥𝑛 
2 

  = 

 𝑇1
∗𝑦𝑛 

4 𝑆1𝑥𝑛 
2 + 2 𝑇1

∗𝑦𝑛 
2𝑅𝑒 𝑇2𝑇1

∗𝑦𝑛 ,𝑦𝑛   𝑆2𝑥𝑛 ,𝑆1𝑥𝑛 +   𝑇2𝑇1
∗𝑦𝑛 ,𝑦𝑛   

2 𝑆2𝑥𝑛 
2 

  = 

 𝑇1
∗𝑦𝑛 

4 𝑆1𝑥𝑛 
2 + 2 𝑇1

∗𝑦𝑛 
2𝑅𝑒 𝑇2𝑇1

∗𝑦𝑛 ,𝑦𝑛   𝑆1
∗𝑆2𝑥𝑛 ,𝑥𝑛  +   𝑇2𝑇1

∗𝑦𝑛 ,𝑦𝑛   
2 𝑆2𝑥𝑛 

2. 

Now,   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1   𝑇1 ≥    𝑀𝑇𝑖 ,𝑆𝑖

2
𝑖=1  𝑥𝑛⨂𝑦𝑛  𝑇1

∗𝑥𝑛 . Therefore, 
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  𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  

2
 𝑇1 

2 ≥

 𝑇1
∗𝑦𝑛 

4 𝑆1𝑥𝑛 
2 + 2 𝑇1

∗𝑦𝑛 
2𝑅𝑒 𝑇2𝑇1

∗𝑦𝑛 ,𝑦𝑛   𝑆1
∗𝑆2𝑥𝑛 ,𝑥𝑛  +   𝑇2𝑇1

∗𝑦𝑛 ,𝑦𝑛   
2 𝑆2𝑥𝑛 

2. 

Letting 𝑛 ⟶ ∞, we obtain, 

   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  

2
 𝑇1 

2 ≥  𝑇1 
4 𝑆1 

2 + 2 𝑇1 
2 𝑇2  𝑇1  𝑆1  𝑆2 +  𝑇2 

2 𝑇1 
2 𝑆2 

2. 

That is,  

   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  

2
≥  𝑇1 

2 𝑆1 
2 + 2 𝑇2  𝑇1  𝑆1  𝑆2 +  𝑇2 

2 𝑆2 
2. 

But  𝑇1 
2 𝑆1 

2 + 2 𝑇2  𝑇1  𝑆1  𝑆2 +  𝑇2 
2 𝑆2 

2 = ( 𝑇1  𝑆1 +  𝑇2  𝑆2 )2. 

Thus,   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥  𝑇1  𝑆1 +  𝑇2  𝑆2 =   𝑇𝑖  𝑆𝑖 

2
𝑖=1 . 

That is,   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≥   𝑇𝑖  𝑆𝑖 

2
𝑖=1 . 

Clearly,   𝑀𝑇𝑖 ,𝑆𝑖
2
𝑖=1  ≤   𝑇𝑖  𝑆𝑖 

2
𝑖=1 , and thus,   𝑀𝑇𝑖 ,𝑆𝑖

2
𝑖=1  =   𝑇𝑖  𝑆𝑖 

2
𝑖=1 . 

That is,  𝐸2 =   𝑇𝑖  𝑆𝑖 .2
𝑖=1           

4. CONCLUSION  

Much remain to be done in determining the norm of 𝐸2. One may also attempt this problem working 

on tensor product 
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