
International Journal of Scientific and Innovative Mathematical Research (IJSIMR) 

Volume 5, Issue 8, 2017, PP 27-34 

ISSN 2347-307X (Print) & ISSN 2347-3142 (Online) 

DOI: http://dx.doi.org/10.20431/2347-3142.0508004 

www.arcjournals.org 

 

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)                       Page 27 

On the Pair of Diophantine Equations 2332 , vxyuxy   

S.Vidhyalakshmi
1
, M.A.Gopalan

2
, S. Aarthy Thangam

3*
 

1,2
Professor, Department of Mathematics Shrimati Indira Gandhi College, Tamil Nadu, India 

3*
Research Scholar, Department of Mathematics, Shrimati Indira Gandhi College, Tamil Nadu, India 

 

 

 

 

1. INTRODUCTION 

A Quartic model of an elliptic curve representing the system of Diophantine equations    

bazxyx  222 ,56 has been analysed by Mignotte and Petho [1] for 12  banda  by using 

the Siegal-Baker method. An elementary proof of the above system of equations for 12  banda  

has been discussed in [2] by Cohn. In [3], Le proposed an effective method for solving the system of 

equations 12,1 222  zxDDyx where 1D is the power of an odd prime. The pair of pell 

equations of the form 1,1 2222  bzyayx  where a and b are distinct non-square positive integers 

has been studied in [4-6]. In [7], it has been proved that the system of equations 

  1,114 22222  bzyymx  for positive integers m and b has atmost one positive integer 

solution. In [8], it has been shown that the system of pell equations 441442,45 2222  xzxy  has 

no positive integer solutions. In this context, one may refer [9-15]. The above results motivated us to 

search for the integer solutions for some other choices of special double Diophantine equations. This 

communication concerns with yet another interesting system of double Diophantine equations namely 
2332 , vxyuxy   for its infinitely many non-zero distinct integer solutions.  

2. METHOD OF ANALYSIS 

The system of double equations to be solved is  

2uxy             (1) 

233 vxy              (2) 

Eliminating y between (1) and (2), the resulting equation is  

    62222 234 uuxuv             (3) 

Let 
322 ,3,2,2 uuDuxXvY            (4) 

Then (3) becomes, 

  222  DXY             (5) 

whose initial solution is   
00

,YX . 

To find the other solutions of (5), consider the pellian  
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  122 DXY            (6) 

The general solution  
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in which  
00

~
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~
YX  is the initial solution of (6). 

Applying the lemma of Brahmagupta between the solutions  
00

,YX  and  
nn

YX
~

,
~

, we have 
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In view of (4) and (1), the general values for x and y satisfying (1) and (2) are given by 
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To analyse the nature of solutions, one has to go for particular values for u. A few illustrations are 

given below: 

2.1 Illustration: 1 

Let 1u             (8) 

Then, using (8) in (5), the corresponding equation under consideration is 

  13 22  XY            (9) 

After performing a few calculations, the corresponding solution to (1), (2) are given by 

   1
2

1
11


 nn
Xx  

   1
2

1
11


 nn
Xy ,  ,....5,3,1,1n  

where 
nnn

gfX
3

1

2

1
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in which     11

3232



nn

n
f  

       11

3232



nn

n
g  

A few numerical examples are presented in Table:1 below 

Table 1. Numerical Examples 

n  
1n

x  
1n

y  

-1 0 1 

1 7 8 

3 104 105 

5 1455 1456 
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From the above table, we have the following observations: 

1. The values of 
11  nn

yandx  are alternatively even and odd. 

2. 19236226
4262


 nn
xy  is a perfect square 

3. 7615612
2242


 nn
xy is a Nasty number 

4. 56786262
133353


 nnnn
xyxy is a cubical integer 

5.    2
134464

14262416262 
 nnnn

xyxy  is a Biquadratic integer 

6. 814
135


 nnn
xyx  

7. Each of the following expressions in Table: 2 represent Hyperbolas: 

Table 2. (Hyperbolas) 

S.no Hyperbola  QP,  

1 123 22 QP   24345,14262
3113


 nnnn
yxxy  

2 123 22 QP   33645627,19436226
5335


 nnnn
yxxy  

3 235212 22 QP   3153627,91181
5115


 nnnn
xyyx  

8. Each of the following expressions in Table: 3 represent Parabolas: 

Table 3. (Parabolas) 

S.no Parabola  QP,  

1 123 2 QP   24345,12262
312242


 nnnn
yxxy  

2 123 2 QP   33645627,19236226
534262


 nnnn
yxxy  

3 235284 2 QP   3153627,105181
512262


 nnnn
xyyx  

2.2 Illustration: 2 

Let 2u                       (10) 

Then, using (10) in (5), the corresponding equation under consideration is 

  6412 22  XY                     (11) 

Following the procedure as presented above, the corresponding solution to (1), (2) are given by 

   4
2

1
11   nn Xx  

   4
2

1
11


 nn
Xy ,  ,....2,1,0,1n  
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nnn

gfX
3

4
2

1
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
 

in which     11

12271227



nn

n
f  

       11

12271227



nn

n
g  

A few numerical examples are presented in Table: 4 below 

Table 4. Numerical examples 

n  
1n

x  
1n

y  

-1 0 4 

0 28 32 

1 416 420 

2 5820 5824 
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From the above table, we have the following observations: 

1. The values of 
11  nn

yandx  are always even 

2.  2013
2

1
2232   nn xx  is a perfect square 

3. 60393
2232


 nn
xx is a Nasty number 

4.  9639313
2

1
123343


 nnnn
xxxx is a cubical integer 

5.    2
124454

24132813
2

1


 nnnn
xxxx  is a Biquadratic integer 

6. 2414
123


 nnn
xxx  

7. 4
22


 nn
xy  

8. 2814
123


 nnn
xxy  

9. Each of the following expressions in Table: 5 represent hyperbolas: 

Table 5. (Hyperbolas) 

S.no Hyperbola  QP,  

1 19212 22 QP   84345,2413
2112


 nnnn
xxxx  

2 3763212 22 QP   12483627,360181
3113


 nnnn
xxxx  

3 19212 22 QP   134445627,38818113
3223


 nnnn
yxxy  

10. Each of the following expressions in Table: 6 represent parabolas: 

Table 6. (Parabolas) 

S.no Parabola  QP,  

1 19224 2 QP   84345,2013
212232


 nnnn
xxxx  

2 37632336 2 QP   12483627,304181
312242


 nnnn
xxxx  

3 19224 2 QP   134445627,38418113
323242


 nnnn
yxxy  

2.3 Illustration: 3  

Let 3u                       (12) 

Then, using (12) in (5), the corresponding equation under consideration is 

  72927 22  XY                     (13) 

After some algebra, the corresponding solution to (1), (2) are found to be 

   9
2

1
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 nn
Xx  

   9
2

1
11
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 nn
Xy ,  ,....5,3,1,1n  
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2

9
1
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

 

in which     11

3152631526



nn

n
f  

       11
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


nn

n
g  

A few numerical examples are presented in Table:7 below 
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Table 7. Numerical examples 

n  
1n

x  
1n

y  

-1 0 9 

1 13095 13104 

3 35394840 35394849 

From the above table, we have the following observations: 

1. The values of 
11  nn

yandx  are alternatively even and odd 

2.  1917050422
1755

1
2242


 nn
xx  is a perfect square 

3.  95852521
585

4
2242


 nn
xx is a Nasty number 

4.  9072015126650422
1755

1
133353


 nnnn
xxxx is a cubical integer 

5. 121502702
135


 nnn
xxx  

6. Each of the following expressions in Table: 8 represent hyperbolas 

Table 8. (Hyperbolas) 

S.no Hyperbola  QP,  

1 123201003 22  QP  




















130952911

,2268050422

31

13

nn

nn

xx

xx
 

2  222 23710051634  QP  




















353948497865521

,306528396811741

51

15

nn

nn

yx

xy
 

7. Each of the following expressions in Table: 9 represent parabolas 

Table 9. (Parabolas) 

S.no Parabola  QP,  

1 4106700585 2 QP  




















130952911

,1917050422

31

2242

nn

nn

xx

xx
 

2 
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2

526890108

3161340



QP
 



















353948497865521

,259108296811741

51

2262

nn

nn

yx

xy
 

2.4 Illustration: 4 

Let 4u                       (14) 

Then, using (14) in (5), the corresponding equation under consideration is 

  409648 22  XY                     (15) 

After performing a few calculations, the corresponding solution to (1), (2) are given by 

   16
2

1
11


 nn
Xx  

   16
2

1
11


 nn
Xy ,  ,....2,1,0,1n  

where nnn
gfX 486

1


  

in which     11

347347



nn

n
f  
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       11

347347



nn

n
g  

A few numerical examples are presented in Table: 10 below 

Table 10. Numerical examples 

n  
1n

x  
1n

y  

-1 -2 14 

0 82 98 

1 1246 1262 

2 17458 17474 

From the above table, we have the following observations: 

1. The values of 
11  nn

yandx  are always even 

2.  1272181
84

1
2242


 nn
xx  is a perfect square 

3.  1272181
14

1
2242


 nn
xx is a Nasty number 

4.  57605433181
84

1
133353


 nnnn
xxxx is a cubical integer 

5. 9614
132


 nnn
xxx  

6. 16
33


 nn
xy  

7. 12814
132


 nnn
xxy  

8. Each of the following expressions in Table: 11 represent hyperbolas: 

Table 11. (Hyperbolas) 

S.no Hyperbola  QP,  

1 11289634 22  QP   1664209,1440181
3113


 nnnn
xxxx  

2 57634 22  QP   179215209,155218113
3223


 nnnn
yxxy  

3 57634 22  QP   12815,11213
2112


 nnnn
yxxy  

9. Each of the following expressions in Table: 12 represent parabolas: 

Table 12. (Parabolas) 

S.no Parabola  QP,  

1 37632112 2 QP   1664209,1272181
312242


 nnnn
xxxx  

2 1928 2 QP   179215209,154018113
323242


 nnnn
yxxy  

3 1928 2 QP   12815,10013
212232


 nnnn
yxxy  

2.5 Illustration: 5 

Let 5u                       (16) 

Then, using (16) in (5), the corresponding equation under consideration is 

  1562575 22  XY                     (17) 

Following the procedure as presented above, the corresponding solution to (1), (2) are given by 

   25
2

1
11


 nn
Xx  

   25
2

1
11


 nn
Xy ,  ,....5,3,1,1n  
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where 
nnn

gfX
3

25

2

25
1




 

in which     11

3152631526



nn

n
f  

       11

3152631526



nn

n
g  

A few numerical examples are presented in Table: 13 below 

Table 13. Numerical examples 

n  
1n

x  
1n

y  

-1 0 25 

1 36375 36400 

3 98319000 98319025 

5 265657935375 265657935400 

From the above table, we have the following observations: 

1. The values of 
11  nn

yandx  are alternatively even and odd 

2.  218400151266
14625

1
2242


 nn
yx  is a perfect square 

3.  218400151266
4875

2
2242


 nn
yx is a Nasty number 

4.  7566004537818151266
14625

1
133353


 nnnn
yxyx is a cubical integer 

5. Each of the following expressions in Table: 14 represent hyperbolas 

Table 14. (Hyperbolas) 

S.no Hyperbola   QP,  

1 85556250027 22  QP  




















364002911

,189150151266

31

13

nn

nn

xy

yx
 

2  222 65861251634  QP  




















983190257865521

,851467756811741

51

15

nn

nn

yx

xy
 

6. Each of the following expressions in Table: 15 represent parabolas 

Table 15. (Parabolas) 

S.no Parabola  QP,  

1 9506250031625 2  QP  




















364002911

,218400151266

31

2242

nn

nn

xy

yx
 

2 

 2

2

439075012

8781500



QP
 



















983190257865521

,719745256811741

51

2262

nn

nn

yx

xy
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