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Abstract: This paper aims at solving the problem of knowing whether we can find the vector space B(H) of
bounded operators on a separable Hibert’s space H and a scalar product and eventually decide on the
completeness of hermitian norm. I did not only succeed to confer the structure of Hilbert’s space to the vector
space B(H), but also to establish equality between norm operator and hermitian norm on B(H).
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USEFUL MATTERS
1.1 Scalar Product
Let E be a vector space and a map denoted g : ExE —» K(K = R or C) filling following properties :
OVxyzeEglx+yz)=gz)+g2)
(Vx,yz€E: glxy+z)=g0y)+gxz)
(iii)Vx,y€eEand re K: g(rx,y) =r(x,y)
(iv)Vx,y€Eand r e K:g(x,ry) =7(x,y)
WVxy€E: gy =g{x)
(iv)Vx,€ E: g(x,x) > 0ifx # 0andg(x,x) = 0if x =0

The so-defined map g is called hermitian form or simply a scalar product on E. Note that if K = R
then g is a bilinear form and, consequently properties (ii) and (v)are dropped [1, 2, 3].

1.2 Two Notions Generated by the Scalar Product
1.2.1. First Notion
The map denoted
I lI:E-R

x e lxll = < xx >
With properties :
()V x € E, ||x|| > Oifx # 0 and||x|| = Oifx = 0
(ii)V x € Eandascalarr: ||rx|| = r||x||

(@vx,y € E:llx +yll < llxIl + [yl
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This mapis called hermitian norm on E

1.2.1. Second Notion

Inequality |(x, )| < ||x|lllyl| ¥ x,y € E, is called Cauchy-Schwarz’s inequality.
1.3 Hilbert’s Space

1.3.1 Definition

Let E be a vector space provided with a scalar product; it is said that E is a space of Hilbert if the
associated hermitian norm is complete; in other words, if any Cauchy’s sequence in E is convergent;
a space of Hilbert E is known as separable if it possesses a dense and countable part or simply a
hilbertian basis.

1.3.2 Remark

In this note, H is aseparable complex Hilbert’s space with infinite size whose scalar product, norm
and hilbertian basisare respectively denoted (,),|| | andb = (e;);>1; its null element 04 is simply
denoted 0; the bounded operators, also called continuous operators on H, are appointed by capital
letters A, B, C..; their set is denoted B(H) ; By = {x € H: ||x|| < 1} is the closed unit bowlof H; any
vector x of H is represented by x = Y72, u;e; and Y524 |w;|% = ||x]|2 with u = (x, e;) (1); for any
operator A and e; € b, one will write Ae; instead ofA(e;), the field of definition of an operator A on
H is dense in H, which means that A = H, A being the adherence or the closing of A; thus, for both
bounded operators A and B on H and e; € b, Ae; and Be; are vectors of H such as (Ae; ,Be;) € K =
(R ou C)[2]; the norm operator on H is, in general denoted and defined by||A||; = sup{||Ax||:x €
B or, in particular41=swupAetr: i€ b.

1.3.3 Proposition
V A abounded operator on H anda vectorx € By, onehas :||Ax||? < (X2, |u;|||Ae;|])?
Proof

Onehas [|Ax||? = A2, we)I?

o 2 oo/ 2
R
i=1 i=1

= Q2 wde , Y2 uAe;) [scalar product on H ]

< |(z ul'Aei,z uiAei)|
i=1 i=1

< |22 wiAe|||1221 u;Ae; || [inequality of Cauchy-Schwarz |

= Zooz ||uAe||Z°°: ||u-Ae-||[continuityofthe norm]
i=110"%i42% =104

=D lulliwAell ) fudllaedi = (Y wllidel)
i=1 i=1 i=1

Hence one obtains||Ax||? < (52, |w;|]14e;1)? [1, 2, 3]

2

SEEKING EFFICIENT SCALAR PRODUCT
1.4 Method

Let H be a separable complex space of Hilbert with infinite size; one resorts to the convergence of
sequences in normalized spaces, in fact, spaces of Banach K = (Ror C)[ 1] and, also with the
exploitation of elements presented above such as if A and B are two bounded operators on H and
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e; € b then the fields of definition of A and B are dense, (4e;,Be;) € C and |Ae;, Be;| <
||Ae;||||Be;|| the inequality of Cauchy-Schwarz.

1.5 Establishment

Let A and B be two bounded operators on H ande; € b then; (Ae;, Be;) € C;one considers the

numerical series Y72, > |(Ael,Be )| ;itis clear that one has successively

Yie 121 |(Ae;, Be)| < Y72 12L ||[Ae;||||Be;|l  [inequality of Cauchy-Schwarz ]

< llAll1IBlly < oo [for}iZ 121 =1]

or simply the inequality Z?olil(Aei,Be-)|<ooWhiCh means that the obtained  series

Yinq > |(Ael,Be )|converges in R™; then it results from it that the series )i (Ael,Be )converge

=151
absolutely in R and, consequently, it converges inC; that is to say that }.72 17(Aei,Be-) € C[3] such
as, for any bounded operator A on H, Z;”l l(Aei,Ae') =Yt l||Ae > = 0 which means that
Y1y LlAe;lI> > 0 forall A #0and X2
<A,B >2=Zi:1;(Aei,Bei) for any bounded operator A on H; now it is shown that it is

independent of the choice of the used hilbertian basis; indeed, if d = (g;).>1another hilbertian basis
of H then one obtains successively

(Ae;, Be;) = (Ae;, g¢)(9:,Be;) = (e;,A* g.)(B * g, €;)
= (B gy, A*g.) = (Ag:, Bg:)

It results from it that one obtains the equality};;2; % (Ae;, Be) = %24 % (Ag;, Bg;); however, that is

not enough to conclude that <,>, is a scalar product on H; it should be shown that <,>, enjoys
the properties(1.1).

1.6 Theorem

i=157 ||Ael||2 = 0 whend = 0; the scalar obtained is denoted

The map<,>,: H X H — Cenjoys the properties: (1.1)Indeed, one has respectively
(i) For all three bounded operators A, B, C on H and: e; € ¢

© 1
<A+ B,C >2= Z ?[(Aei,cei) + (Bei,Cel-)] =<< A,C >2+< B,C >2
i=1

(ii) Whatever two bounded operators A, B on Hand: e; € ¢

© 1 © 1 -
<A,B >2=Z' E(Aei,Bel-)=z‘ ,—l.(Bei,AeL-) =< B,A >2
i=1 i=1€

(iii) For both bounded operators A, Bon H ,Aascalar and: e; € ¢

< 2A,B >;= 32, > (Ade;, Be)) = AT, 5 (Ae;, Be;) while

< A,AB >2=Z —(AAel,Be)—lz 2l(Ael,Be)
i= i=1

(iv) Whatever abounded operator A on Hand e; € ¢ one has on the one hand, < 4,4 >,=
Y1y L (Ae;, Ae)) = e 12L |Ae;||> =0 with i=1,23,... , e €¢ and, on the other hand <

AA>2=0=> /=1012/Aei2=0 for all /~=1,2,3,.... and; eiegthat means that; 4=0thus it is
concluded-T that

<>, is ascalar product on the vector spaceB(H); the proof is finished; now one can affirm that:
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RESULTS

1.7 Theorem

Let H be a separable complex space of Hilbert with infinite size whose scalar product is denoted (, ),
¢ = (e;);>10ne of its hilbertian basis and the map defined by

© 1
<,>5:(B(H))" — C: (4,B) < A,B >,= Z o7 (Aei, Be)
i=1

whatever two bounded operators A,BonH and e; € ¢ then <,>,is a scalar product on B(H); the
hermitian norm associated to the scalar product is denoted and defined by ||A]l, =

OiZ1l1Ae; ||2)1/2for any bounded operator 4 on H.
1.8 Remark

The vector space B(H) is thus provided with two norms, namely the norm operator || ||; and the
hermitiannorm|| ||,;is there exist a bond between these two norms? As norms are real numbers, one
resorts to the following technique to answer the asked question.

1.9 Comparing|| |liand]| |
3.3.1. Seeking the answer

It is necessary and enough to show (k)|| Il < I Il and (p)I| Il, <l |l;for that, one resorts
to the proposal (1.3.3)

(€3]I R~ (R "

Whatever a bounded operator A on H and a vector x € By

1 Ax|1> < (X721 lu; 11 Ae; [)* [proposal (1.3.3)]

(e o) 2 (0]
<(> tulided) = (> fwllllle)
i=1 =1

[for||All; = sup{||Ae;|l:i = 1,2,3,... }]
= XZilw 11413 = NANZ [forZiZlu|? = llegll* = 1]

2

Briefly||Ax||?> < ||A]|3 or simply||Ax]|| < ||All,; it from of results well that [|A]l; = sup{||Ax||: ||x]| <
1<A42orsimply A1<A42.

@I Nz <1 1k

LetAbe a bounded operator on H; then there are the following inequalities:

14113 = £i2, 5 (Ae;, Ae;)  [the square of the standard || |l ]

< 21’:1 50 |(Ae;, Ae)| < Zi:li ||Ae; ||| Ae; |
[inequality of Cauchy-Schwarz ]

=) el <) il

[forl|All; = sup{l|Ae;|l:e; € b} ]

[e'e] 1
” ”1”61” g =1 i

o 1
= |AllZ [for¥i, ;= 1= llell?]
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Briefly [IAll5 < I|Al% or clearly[|All, < |IAll;.
3.3.2. Obtained result

The obtained results ||All; < ||All; and ||A]l, < ||A]l; mean that; || ||, =] [l{what we nicely
express in these terms:

3.3.3. Theorem

Let H be a separable complex space of Hilbert with infinite size, (e;);>a hilbertian basis of H and
thenorms || ||; and || ||,0n the vector space B(H) ; then the two norms are equal, in other words
one has the equality || Iy =1 |2

1.10 Conclusion

The two theorems (3.1) and(3.3.3) established clearly that, on the one hand the scalar < 4,B >, =

2?11%(1461'.391') is a square form and, on the other hand bothnorms(operator and hermitian) on the
vector space B(H)are equal; as the norm operator || |[|; is complete, it results from it that the
hermitiannorm|| ||, is too; that is to say that, provided with the norm|| ||,. the vector space B(H)

is a space of Banach ; what leads to the short following conclusion:

LetB(H) be the separable complex vector space with infinite size; provided with the scalar product
<,>,= X % (Ae;, Be;), B(H) is aspace of Hilbert.
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