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On Spectral Theory of Sequences Vector Spaces in a Space
without Scalar Product: Case of a Banach’s Space G
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Abstract: With the question of knowing if it is possible to study sequences in a nonseparable space or not
provided with a scalar product, we propose a possible technique for an unspecified Banach’s space G, with or
without unit element, separable or not.
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1. INTRODUCTION
1.1 Useful Vector Spaces of Sequences in G

Let G be an arbitrary space of Banach, G™ the vector space of sequences in G, i.e. G" =
(x = (x1,%2, ..., %;,...) such thatx; € G fori = 1,2,3,...),G¢ = {x € G":3x, € and lim;_,||x; —
xa=0the vectorial subspace of convergent sequences in G and, finally, the vectorial subspace of
Gldenoted GZ2and defined as and by the following conditions:

G? ={x = (X1,%0, e, Xj, . )1 X € GPet X324 ||x;]|? < o0} ; it allows two vectorial subspaces denoted
GletG”.

1.2 Hilbert’s spaces sequence

Now, Let (H;);>1 be a sequence of unspecified spaces of Hilbert and H a set of sequences defined as
follows: H ={h = (hy,hy,..,h;,...): h; € H; fori =1,2,3,..and Y2,||h;]|? < oo} ; it is known
that H is a vector space such as, provided with the square form denoted and defined by a : H?> —
R: a(h,g) = Xi2,(h; T g)for all h,g € H, it is a Hilbert’s space called hilbertian sum of the
sequence (H;);>1[11

1.3 Towards the answer

Let us return to vector spaces G2 and H, and consider the following maps: on the one hand 7y :
G?> — H:x — y(x) = h € Hfor all x € G%and on the other hand w : (G?)? — H?:(x,y) —
w(x,y) = (g,h)forall x,y € G?and h,g € H; it is clear that y and w are linear one-to-one maps,
therefore isomorphisms(i); now, Let (G?)?: ¢ ——— R be a map ; it is easy and favorable to note
that starting from three applications w, aete, one immediately obtains the diagram presented in
section 2.
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2. ANSWER
2.1 Observing and exploiting the diagram

/ (6*?@ —--— R \

N e /

Figure 1. Commutative diagram

It is clear that ¢ = aow such that, for all x,y € G2, one obtains following equalities :
p(x,y) = (aow)(x,y) = a{w((x,y))}Falg, h) = ¥21(g; T hy)

orsimply  @(x,y) = ¥;Z1(g: T hy)

2.2 Result

As H and G?are isomorphic vector spaces (i)and H is a Hilbert’s space whose scalar product is
a(h,g) = ¥ ,(h; T g)forall h,g € H,itis easy to conclude that G?Zis a space of Hilbert whose
scalar product is  @(x,y) = X2,(x; Ty)for all x,y € G?;thus, one can easily establish the
quadruple G", Gy ,G?,GPsimilar to the traditional quadruple K", K5 02, ¢, attributed to Riesz.

2.3 An illustration

In particular, Let B(H) be a Banach’s space; by representing a sequence in B(H)by A=
(A1,A5,45, ..., 4;,..) such that A; € B(H) for all i =1,2,3,...and one can consider the vector space
of the convergent sequences in B(H), denoted and defined as follows:

B? = {A = (41,4,,45, ..., 4;,..) such that 372, ||4;]|*> < o }; it is provided with two vectorial
subspaces denoted B, and BP; it is easy to note that the vector space B2is isomorphic to the vector
space G2which is a Hilbert’s space whose scalar product is denoted ¢@(x,y) = Y52 (x; Ty); it
results from it that BZis a space of Hilbert whose scalar product is written as §(4,D) = Y72 ,(4; 1
Dfor all 40 BA: thus, one can easily establish the quadruple BzBp7n B2, Bpsimilar to the
traditional quadruple K", K3 42, ¢y attributed to Riesz.
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