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1. INTRODUCTION 

Domination Number and related parameters have been studied by many authors and many research 

papers have been published related to Domination and its variants. The well-known books [8, 9] 

contains many such variants and related results. Several variants and their parameters have their 

Fractional Versions. Fractional Domination, Fractional Vertex Covering, Fractional Coloring are 

some of them. They provide generalizations of above variants and the values of related parameters are 

in general Fractions.   

In this paper we consider one such concept called Fractional Domination. The introduction of this 

concept can be found in [8, 9]. To be more precious a Dominating Set gives rise to a Dominating 

Function on the vertex set and vice-versa. The weight of a function replaces the cardinality of a set 

and vice – versa. Similarly a Minimal Dominating Set and a Minimum Dominating Set give rise to a 

Minimal Dominating Function and a Minimum Dominating Function respectively. 

The operation of removing a vertex from a graph may increase, decrease or does not change the 

Domination Number of the graph. There are necessary and sufficient conditions under which the 

Domination Number increases or decreases [1]. It may be interesting to know what happens in the 

case of Fractional Domination. 

The purpose of this paper is to state and prove necessary and sufficient conditions under which the 

Fractional Domination Number increases. Also we prove that if the Fractional Domination Number 

decreases then it decreases by atmost 1. 

2. PRELIMINARIES AND NOTATIONS 

Let G be a graph. 𝑉(𝐺)will denote the vertex set of G and 𝐸(𝐺)will denote the edge set of G. If S is a 

subset of 𝑉(𝐺) then |𝑆| denotes the cardinality of S. If 𝑓: 𝑉(𝐺)  →  𝑅(the set of Real Numbers) is any 

function then for any subset S of 𝑉(𝐺) 𝑓(𝑆)  =  ( )
x S

f x


 . The Number 𝑓(𝑉(𝐺)) is called the weight of 

f and it is denoted as 𝑤(𝑓). 𝐼𝑓  𝑓, 𝑔: 𝑉(𝐺)  →  𝑅are functions then we say that 𝑓 ≤  𝑔  if 𝑓(𝑥)  ≤
𝑔(𝑥) for every 𝑥 𝜖 𝑉(𝐺)and we say that 𝑓  <   𝑔 if 𝑓  ≤   𝑔  and for some x  𝑓(𝑥)  <  𝑔(𝑥). We say 

that a function 𝑓: 𝑉(𝐺)  →  𝑅 is Minimal with respect to some property p if 

i. 𝑓 satisfies property p. 

mailto:dkthakkar1@yahoo.co.in
mailto:sankycolors@gmail.com


D.K.Thakkar & S.M.Badiyani 

 

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)                       Page 26 

ii. If𝑔 <  𝑓 then𝑔does not have property p.  

Afunction 𝑓: 𝑉(𝐺)  →  𝑅is said to be Minimum with respect to some property p if its weight is 

minimum among all the functions satisfying property p. In a similar way we can define a Maximal 

Functions (w.r.t p) and Maximum Functions (w.r.t p). 

Let v be any vertex of the graph G then 𝑁  𝑣  𝑢 𝜖 𝑉 𝐺 𝑢 𝑖𝑠 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑡𝑜 𝑣 and 𝑁[𝑣]  =  𝑁(𝑣)  ∪
 {𝑣}. If 𝑁[𝑣]  =  {𝑣} then v is called an isolated vertex of a graph. If v is not an isolated vertex then it 

is called a non- isolated vertex. 

In this paper we consider only those graphs which have finite vertex set and are simple.   

Definition 2.1. [5] 

A set S subset of 𝑉(𝐺) in a graph G is said to be a “Dominating Set” if every vertex 𝑣 𝜖 𝑉 𝐺 − 𝑆is 

adjacent to some vertex of S. 

Definition 2.2. [5] 

A Dominating Set S with minimum cardinality is said to be a “Minimum Dominating Set”. 

Definition 2.3. [5] 

A Dominating Set S is a “Minimal Dominating Set” if no proper subset S1 of S is a Dominating Set.  

Note that every Minimum Dominating Set is a Minimal dominating Set. 

Definition 2.4. [5] 

The cardinality of a Minimum Dominating Set is called the “Domination Number” of a graph G and it 

is denoted by 𝛾(G). 

Definition 2.5. [2] 

A function 𝑓: 𝑉 (𝐺)  →  {0, 1} is called “Dominating Function” if ∀ 𝑣 𝜖 𝑉(𝐺), 𝑓(𝑁[𝑣])  ≥  1. 

Theorem 2.6. [8] 

Let S be a Dominating subset of a graph G. Then the characteristic function ofS is a Dominating 

Function. 

Proof: Omitted. 

Theorem 2.7. [8] 

Let 𝑓: 𝑉(𝐺)  →  {0, 1}be a Dominating Function. Let 𝑆 =  {𝑣 𝜖 𝑉(𝐺) / 𝑓(𝑣)  =  1}. Then S is a 

Dominating Set &f is the characteristic function of S. 

Proof: Omitted.  

Definition 2.8. [2] 

A Dominating Function f: V (G) → {0, 1} is called a “Minimum Dominating Function” if its weight is 

minimum among all the Dominating Functions defined on 𝑉(𝐺). 

Theorem 2.9. [8] 

If S is a Minimum Dominating Set then its characteristic Function f is a Minimum Dominating 

Function. 

Proof: Omitted 

Theorem 2.10. [8] 

Suppose f is a Minimum Dominating Function defined on 𝑉(𝐺)then the set 𝑆 = {𝑣 𝜖 𝑉 𝐺  /𝑓(𝑣)  =
 1} is a Minimum Dominating Set. 

Proof: Omitted 

Definition 2.11. [2] 

A Dominating Function 𝑓: 𝑉(𝐺)  →  {0, 1}is called a “Minimal Dominating Function” if ∄ a 

Dominating Function 𝑔 such that 𝑔 <  𝑓. 
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Theorem 2.12. [8] 

Suppose 𝑓: 𝑉(𝐺)  →  {0, 1} is a Dominating Function thenf is a Minimal Dominating Function if and 

only if the set𝑆 =  {𝑥 𝜖 𝑉(𝐺) / 𝑓(𝑥)  =  1} is a Minimal Dominating Set. 

Proof: Omitted 

Theorem 2.13. [9] 

A Dominating Function f: V (G) → {0, 1}is a Minimal Dominating Function if and only if for any 

vertex v for which 𝑓(𝑣)  =  1 there exists a vertex  𝑢 𝜖 𝑁[𝑣] such that 𝑓(𝑁[𝑢])  =  1. 

Proof: Omitted       

We have proved that every Dominating Set gives rise to a Dominating Function & Converse is also 

true. The co-domain of this Dominating Function is {0, 1}. 

This definition of Dominating Function motivates to define the concept of Fractional Dominating 

Function. This concept does not require a set for Domination. 

Definition 2.14. [4] 

A function 𝑓: 𝑉(𝐺)  →  [0, 1] is called a “Fractional Dominating Functions” if for every 

𝑣 𝜖 𝑉(𝐺), 𝑓(𝑁[𝑣])  ≥  1. 

Definition 2.15. [4] 

A Fractional Dominating Function with minimum weight is called a “Minimum Fractional 

Dominating Function”. The weight of a Minimum Fractional Dominating Function is 

calledFractional Domination Number of a graph G and it is denoted by 𝛾𝑓{𝐺} . 

Note 2.16. 

It may be noted that Fractional Domination Number is less than or equal to the Domination Number 

of the graph G. 

Example 2.17. [9]: If G is a K-Regular Graph (𝐾 ≥ 1) has n- vertices then 𝑓(𝑉)  =  
1

1k 
for 

every𝑣 𝜖𝑉(𝐺) gives a Minimum Fractional Dominating Function and the weight of this function 

is

.
1

n

k 

 

Theorem 2.18.  

A Fractional Dominating Function 𝑓: 𝑉 (𝐺)  →  [0, 1]is Minimal if and only if for every vertex 

v∈ 𝑉 𝐺 for which 𝑓(𝑣)  >  0; there is a vertex 𝑢 𝜖 𝑁[𝑣] such that 𝑓(𝑁[𝑢]) =  1. 

Proof: Suppose f is Minimal. 

Let 𝑣 𝜖 𝑉(𝐺) be such that 𝑓 𝑣 >  0. 𝑆uppose there does not exist 𝑢 𝜖 𝑁[𝑣] such that 𝑓(𝑁[𝑢])  =  1. 
Then 𝑓(𝑁[𝑢])  >  1 for every 𝑢 𝜖 𝑁 𝑣 . In particular, 𝑓(𝑁[𝑣])  >  1. 

Then we may observe that
[ ]

( ) 1 ( )
w N v
w v

f v f w



    

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟   𝑕 𝑢 > 1 −  𝑓 𝑤 

𝑤 ∈ 𝑁 𝑣 
𝑤≠𝑣

;  ∀ 𝑢 ∈ 𝑁[𝑣] 

Define a function 𝑔 as follows  

𝑔 𝑥 =  𝑓 𝑥 , 𝑖𝑓   𝑥 ≠  𝑣 

         𝑔(𝑣)  =  𝑚𝑎𝑥{ 𝑕(𝑢) / 𝑢 𝜖 𝑁[𝑣]} 

It is obvious that 𝑔(𝑣)  <  𝑓(𝑣) which means that 𝑔 <  𝑓. 
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Let 𝑥 𝜖 𝑉(𝐺).  

Suppose 𝑥 ∉  𝑁[𝑣] then 

𝑔 𝑁 𝑢  =  𝑔(𝑤)

𝑤 ∈𝑁[𝑥]

=   𝑓(𝑤)

𝑤 ∈𝑁[𝑥]

 ≥ 1 

As f is a Fractional Dominating Function.  

Suppose 𝑥 ∈  𝑁[𝑣] then 

𝑔 𝑁 𝑥  = 𝑔 𝑣 +  𝑔 𝑤 

𝑤 ∈𝑁 𝑥 
𝑤≠𝑣

 

              = 𝑔 𝑣 +  𝑓 𝑤 

𝑤 ∈𝑁 𝑥 
𝑤≠𝑣

 

             ≥ 𝑕 𝑥 +  𝑓(𝑤)

𝑤 ∈𝑁 𝑥 
𝑤≠𝑣

 

                                  ≥  1 −  𝑓(𝑤)

𝑤 ∈𝑁 𝑥 
𝑤≠𝑣

+  𝑓(𝑤)

𝑤 ∈𝑁 𝑥 
𝑤≠𝑣

 

                                           ⇒          𝑔 𝑁 𝑥      ≥ 1 

Thus𝑔 is a Fractional Dominating Function such that 𝑔 <  𝑓 which is a contradiction to the 

hypothesis that f is Minimal. 

Thus there must be vertex 𝑢 𝜖 𝑁[𝑣] such that f(𝑁[𝑢])= 1, whenever 𝑓(𝑣)  > 0. 

Conversely, Suppose for v, for which 𝑓(𝑣)  >  0 there exist a vertex 𝑢 𝜖 𝑁[𝑣]such that 𝑓(𝑁[𝑢]) =  1. 

Suppose f is not a Minimal Fractional Dominating Function. 

Therefore there is a Fractional Dominating Function 𝑔 such that𝑔 <  𝑓. 

Therefore for some vertex 𝑣 𝜖 𝑉(𝐺) we get 𝑔(𝑣)  <  𝑓(𝑣). 

Let u be a vertex such that 𝑢 𝜖 𝑁[𝑣]such that 𝑓(𝑁[𝑢]) =  1.Then  

𝑔 𝑁 𝑢  = 𝑔 𝑣 +  𝑔 𝑤 

𝑤 ∈𝑁 𝑢 
𝑤≠𝑣

 

< 𝑓 𝑣 +  𝑓 𝑤 

𝑤 ∈𝑁 𝑢 
𝑤≠𝑣

 

      = 𝑓 𝑁 𝑢      =   1 

                                                ⇒       𝑔 𝑁 𝑢  < 1 

This contradicts the fact that 𝑔 is a Fractional Dominating Function. 

So f is a Minimal Fractional Dominating Function.      

Remark 2.19.  

Let G be a graph and 𝑣 𝜖 𝑉(𝐺). The subgraph G -v is obtained by removing the vertex v and all edges 

incident to v. The Fractional Domination Number of G - v may be equal to or less than or greater than 

the Fractional Domination Number of the graph G. 

If the Fractional Domination Number of a graph decreases, How Much it can decrease? The following 

Theorem provides an answer. 
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Theorem 2.20. 

Let G be a graph and 𝑣 𝜖 𝑉(𝐺).If 𝛾𝑓 𝐺 − 𝑣 < 𝛾𝑓 𝐺  then𝛾𝑓 𝐺 − 1 ≤ 𝛾𝑓 𝐺 − 𝑣 < 𝛾𝑓 𝐺 . 

Proof:  Suppose  𝛾𝑓 𝐺 − 𝑣 < 𝛾𝑓 𝐺 
 

Let 𝑔 be a Minimum Fractional Dominating Function for G - v. Note that any function defined on 

𝑉(𝐺) whose weight is equal to the weight of 𝑔  cannot be Fractional Dominating Function for G. 

Suppose 

 𝑔′ 𝑤 

𝑤 ∈ 𝑁(𝑣)

 ≥ 1 

Define 𝑔’ on 𝑉 𝐺  as follows 

          𝑔′ 𝑣 = 0   ;     𝑎𝑛𝑑 

         𝑔′ 𝑥 = 𝑔 𝑥  ;  ∀ 𝑥 ≠ 𝑣  

Since 

𝑔′ 𝑁 𝑣  = 𝑔′ 𝑣 +  𝑔′

𝑤 ∈ 𝑁 𝑣 

(𝑤) 

              =   0    +  𝑔′ 𝑤 

𝑤 ∈ 𝑁(𝑣)

 

 ⇒    𝑔′ 𝑁 𝑣    ≥ 1 

And so𝑔’ is a Fractional Dominating Function for G with weight of 𝑔′  = weight of 𝑔.  

i.e. 𝑊(𝑔′)  =  𝑊(𝑔). 

This is a contradiction. So, 

 𝑔′(𝑤)

𝑤 ∈ 𝑁 𝑣 

< 1 

Now define 𝑕 on 𝑉(𝐺)as follows 

𝑕 𝑣 = 1 −  𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

 ; 𝑎𝑛𝑑  

 𝑕 𝑥 = 𝑔 𝑥                 ;  ∀ 𝑥 ≠ 𝑣 

Then 

𝑕 𝑁 𝑣  = 𝑕 𝑣 +  𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

 

                                         = 1 −  𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

+   𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

 

⇒ 𝑕 𝑁 𝑣   = 1 

Thus 𝑕 is a Fractional Dominating Function on G. 

Therefore 𝛾𝑓 𝐺 − 𝑣 < 𝛾𝑓 𝐺  ≤ 𝑤 𝑕 ≤ 𝑤 𝑔 + 1 

⇒  𝛾𝑓 𝐺 − 𝑣 < 𝛾𝑓 𝐺  ≤  𝛾𝑓 𝐺 − 𝑣 + 1 

 ⇒  𝛾𝑓 𝐺 −  𝛾𝑓 𝐺 − 𝑣 ≤ 1 

            ⇒ 𝛾𝑓 𝐺 − 1 ≤ 𝛾𝑓 𝐺 − 𝑣 < 𝛾𝑓 𝐺  

In the following theorem we will establish a necessary and sufficient condition under which the 

Fractional Domination Number of a graph increases. 
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Theorem 2.21. 

Let G be a graph and 𝑣 ∈ 𝑉 𝐺 , 𝑡𝑕𝑒𝑛 𝛾𝑓 𝐺 − 𝑣 > 𝛾𝑓 𝐺  if and only if the following three conditions 

hold: 

i) 𝑣 is not an isolated vertex of G. 

ii) 𝑓(𝑣)  ≠  0For every Minimum Fractional Dominating function f. 

iii) There is no function 𝑔 such that, 

a) 𝑔 is a Fractional Dominating function of G - v. 

b) 𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 (𝑔)   ≤   𝛾𝑓(𝐺). 

c) The support of 𝑔 is contained in 𝑉(𝐺) −  𝑁[𝑣]. 

[If 𝑕 is a function from 𝑉(𝐺) to [0, 1] then support of        𝑕 =  𝑆 (𝑕)  =  {𝑤 𝜖 𝑉(𝐺) / 𝑕 (𝑤)  =  1}] 

Proof:  First suppose that 𝛾𝑓(𝐺 − 𝑣)  > 𝛾𝑓(𝐺) 

i) Suppose v is an isolated vertex. Let f be a Minimum Fractional Dominating Function of G. 

Since 𝑁[𝑣]  =  {𝑣}  and 𝑓(𝑁[𝑣])  ≥  1, 𝑓(𝑣) =  1. 

Now define h on G - vas follows: 

𝑕 𝑤 =  𝑓 𝑤  ;   ∀ 𝑤 𝜖 𝐺 −  𝑣 

Then obviously 𝑕 is a Fractional Dominating Function on 𝐺 −  𝑣. 

Therefore𝛾𝑓(𝐺 −  𝑣)  ≤   𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 𝑕 <  𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 𝑓 =  𝛾𝑓(𝐺). 

 ⇒ 𝛾𝑓(𝐺 −  𝑣)  ≤   𝛾𝑓(𝐺) ; Which contradicts our hypothesis. 

Thus𝑣 cannot be an isolated vertex. 

ii) Suppose there is a Minimum Fractional Dominating function 𝑓 such that𝑓(𝑣)  =  0. Now 

define 𝑕 on 𝐺 −  𝑣 as follows: 

𝑕(𝑤)  =  𝑓(𝑤)  ;  ∀ 𝑤 𝜖 𝐺 −  𝑣 

Then obviously h is a Fractional Dominating Function on G - {v}. 

Therefore𝛾𝑓(𝐺 −  𝑣)  ≤   𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 𝑕 ≤  𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 𝑓 =  𝛾𝑓(𝐺). 

 ⇒ 𝛾𝑓(𝐺 −  𝑣)  ≤   𝛾𝑓(𝐺) ; This is again a Contradiction. 

Thus𝑓(𝑣)  ≠  0for any Minimum Fractional Dominating function 𝑓 on G. 

iii) Suppose there is a function 𝑔 satisfies condition 𝑎), 𝑏) 𝑎𝑛𝑑 𝑐) then 

  𝛾𝑓 𝐺 –  𝑣 ≤   𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 𝑔  

                                           ≤ 𝛾𝑓(𝐺) 

      ⇒            𝛾𝑓(𝐺  ̶  𝑣)  ≤  𝛾𝑓(𝐺) ; This is a contradiction 

Conversely, Suppose Condition i), ii) 𝑎𝑛𝑑 iii) hold. First suppose𝛾𝑓(𝐺 −  𝑣) = 𝛾𝑓(𝐺) 

Let 𝑕 be a Minimum Fractional Dominating Function of 𝐺 −  𝑣. 

Suppose 
( )

( ) 1
w N v

h w


  

Now define 𝑕’ on 𝑉(𝐺) as follows: 

 
 

𝑕′ 𝑣 = 0 ;     𝑎𝑛𝑑 

𝑕′ 𝑤 = 𝑕 𝑤  ;  ∀ 𝑤 ≠ 𝑣 
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Then 𝑕’ is a Fractional Dominating Function on G and weight of 𝑕’ = weight of 𝑕.Since𝛾𝑓(𝐺 − 𝑣)  =

 𝛾𝑓(𝐺); 𝑕’ must be a Minimum Fractional Dominating function for G.  

Thus we have a Minimum Fractional Dominating function h’ of such that 𝑕’(𝑣)  =  0; which 

contradicts ii) condition. 

Suppose 
( )

( ) 1
w N v

h w


  

Then 

a) 𝑕is a Fractional Dominating function of 𝐺 −  𝑣. 

b) 𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 𝑕 ≤  𝛾𝑓(𝐺). 

c) The support of 𝑕 is contained in 𝑉 𝐺 –  𝑁 𝑣 . 

This contradicts iii) condition. 

Thus 𝛾𝑓(𝐺 −  𝑣) = 𝛾𝑓(𝐺)  is not possible. 

Suppose𝛾𝑓(𝐺 −  𝑣) < 𝛾𝑓(𝐺).  

Let 𝑔  be a Minimum Fractional Dominating Function on  𝐺 − 𝑣. 

Suppose 
( )

( ) 1
w N v

w


 g  

Now define 𝑔’ on 𝑉(𝐺) as follows 

    
 

𝑔′ 𝑣 = 0   ;     𝑎𝑛𝑑 

𝑔′ 𝑤 = 𝑔 𝑤  ; ∀ 𝑤 ≠ 𝑣  

Then 𝑔’ is a Fractional Dominating Function on G.  

Therefore  𝛾𝑓(𝐺)  ≤  𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 𝑔’ =  𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 𝑔 = 𝛾𝑓(𝐺 − 𝑣). 

i.e.        𝛾𝑓(𝐺)  ≤  𝛾𝑓(𝐺 −  𝑣); Which isa contradiction. 

Therefore  
( )

( ) 1
w N v

w


 g  

This means that support of 𝑔 is subset of  𝑉(𝐺)  −  𝑁[𝑣], 𝑔 is a Fractional Dominating Function on 

𝐺 −  𝑣 and  𝑤𝑒𝑖𝑔𝑕𝑡 𝑜𝑓 𝑔 ≤  𝛾𝑓(𝐺). 

This contradicts iii) condition. 

Therefore 𝛾𝑓(𝐺  ̶  𝑣)   < 𝛾𝑓(𝐺) is also not possible. 

Thus It must be true that𝛾𝑓 𝐺  ̶  𝑣 > 𝛾𝑓(𝐺).  

Theorem 2.22. 

Let 𝐺 be a graph and 𝑣 ∈ 𝑉 𝐺 . If  𝛾𝑓(𝐺  ̶  𝑣)  < 𝛾𝑓(𝐺) then there is a Fractional Dominating Function 

𝑕 defined on G such that   

 1) 𝑕(𝑣)  0 

 2) 𝑕(𝑁[𝑣])  =  1 

 3) The restriction of 𝑕on 𝐺 –  𝑣 is a Minimum Fractional Dominating Function. 

The function 𝑕 is minimal with respect to property 1), 2) 𝑎𝑛𝑑  3). 

Proof: Let  𝑔 be a Minimum Fractional Dominating Function for the subgraph 𝐺 –  𝑣. Then as proved 

in the above theorem
( )

( ) 1
w N v

w


 g . 
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Define 𝑕 on 𝐺 as follows 

𝑕 𝑣 = 1 −  𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

 ; 𝑎𝑛𝑑  

   𝑕 𝑥 = 𝑔 𝑥                      ;  ∀ 𝑥 ≠ 𝑣 

1) Obviously 𝑕 𝑣 ≠ 0 

2)                                                 𝑕 𝑁 𝑣  = 𝑕 𝑣 +  𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

 

⇒               𝑕 𝑁 𝑣  =  1 −  𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

 +  𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

 

                                       ⇒                𝑕 𝑁 𝑣  =  1 

Obviously 𝑕 is a Fractional Dominating Function on 𝐺 and 𝑕 𝑁 𝑣  = 1.  

3) The restriction of 𝑕 on 𝐺 –  𝑣 is equal to 𝑔 which is a MinimumFractional Dominating    

Function on 𝐺 –  𝑣. 

Suppose 𝑕′  is a Fractional Dominating Function on G which satisfies 1), 2) 𝑎𝑛𝑑  3)  and 𝑕′ < 𝑕.  

Suppose 𝑕’(𝑣)  <   𝑕(𝑣) 

Then𝑕′ 𝑣 < 1 −  𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

 

⇒       𝑕′ 𝑣 +  𝑔 𝑤 

𝑤 ∈ 𝑁 𝑣 

< 1 

𝑕′ 𝑁 𝑣  = 𝑕′ 𝑣 +  𝑕′ 𝑤 

𝑤 ∈ 𝑁 𝑣 

< 𝑕 𝑣 +  𝑕 𝑤 

𝑤 ∈ 𝑁 𝑣 

 =  1 

Therefore 𝑕′ 𝑁 𝑣  <   1 which is a contradiction; as 𝑕′ is a Fractional Dominating Function. 

Therefore 𝑕’ 𝑣 =   𝑕(𝑣). 

Therefore there is a vertex x such that 𝑥 ≠ 𝑣 and 𝑕’ 𝑥 <   𝑕 𝑥 = 𝑔(𝑥). 

Therefore when 𝑕’ is restricted to 𝐺 − 𝑣 , 𝑕’ <  𝑔 and therefore 𝑕’ is not a Fractional Dominating 

Function which is again a contradiction. 

Therefore there is no function 𝑕’ which satisfies property 1), 2) 𝑎𝑛𝑑  3) and 𝑕′ < 𝑕. 

Thus 𝑕 is Minimal with respect to property 1), 2) 𝑎𝑛𝑑  3). 

3. CONCLUDING REMARKS 

It seems difficult to establish a necessary and sufficient condition (or a set of conditions) under which 

the Fractional Domination Number decreases when a vertex is removed from the graph. The 

restriction of a Minimum Function on 𝐺 –  𝑣 may not be a Fractional Dominating Function.  
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