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1. INTRODUCTION

The well-known means in literature such as arithmetic mean, geometric mean harmonic mean and
contra harmonic mean are presented by pappus of Alexandria. In Pythagorean School on the basis of
proportion and also some of the other means like Heron mean and Centriodal Mean are defined as
follows [1,2] and some interesting results on above said means are discussed in [3-8].

For two positive real numbersa &b;

a+b

Arithmetic Mean = A(a,b): T Geometric Mean = G(aﬂ b): \/%
2 2
Harmonic Mean = H(a,b)= 2ab Contra Harmonic Mean =C(a,b)= a_+b
a+b a+b
2 2
Heron mean = He(a,b): M—m and Centriodal Mean C, (a,b) = 2(a” +ab+b")
3 3(a+b)

Jamal Rooin and Mehdi Hassni [9], introduced the homogeneous functions f(x) and g(x), also

established some convexity results and refinements to Ky-Fan-type inequalities.where

fx)-2 :gx and g(x)=In

X X

a

- _dx for X (~o0,00) anda>b>c > d.

In [10], authors studied the convexity(concavity) of the following ratio of difference of means.

_ C(a,b)-A(a,b) _ A(a,b)-H,_(a,b)
G(a,b)-H(a,b) G(a,b)-H(ab)

M cacr (a,b)

M AH.GH (a,b)
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_ C(a,b)—H,(ab)
~ G(a,b)-H(a,b)
_ C(a,b)— A(a,b)
" H,(a,b)-G(a,b)

_ C,(ab)-A(a,b)
~ G(a,b)—H(a,b)
_ C(a,b)-C,(a,b)
~ G(a,b)—H(a,b)

M CH,GH (a,b) M CyAGH (a,b)

M can.c (@,D) and M cc,on (8,0)

Some fruitful results related to Schur convexities were also found in [11-22].

In this paper, we study the Schur, Schur harmonic and Schur geometric convexity of ratio of

means M agy (2,0), M oy 61 (8,D) , Mgy o (8,0) & My (@, b) and some applications of these

ratio of difference of means.

2. PRELIMINARY RESULTS AND DEFINITIONS

In 1923, the Schur Convex function was introduced by | Schur, and proved many important
applications to analytic inequalities. In 2003, X. M. Zhang propose the concept of Schur-
geometrically convex function which is an extension of Schur-convexity function. In recent years, the
Schur convexity, Schur geometrically convexity and Schur harmonic convexity have attracted the
attention of a considerable number of mathematicians ([11],- [21]). For convenience of readers, we
recall some definitions as follows:

Definition 2.1.[3,7] Let X = (X, X,, Xgyeeeeeee X, ) @A Y = (Y1, V5, Yg s ¥, ) € R”

k
1. Let X is said to be majorized by y (in symbol x <y) > x; < Z:(:lyi for k=12,3....n and
i=1
k

k
DX=D. Y where X, > ... >X, and y; >...... >y, are rearrangement of x
i=1

and Yy in descending order.

2. QcR" The function ¢:Q — R" issaid to be schur convex functionon Q if X<y on
Q implies (x) < p(y). @ is said to be a Schur concave function on Q if and only if

— @ is Schur convex.

Definition 2.2.[22] Let X =(X,,X,,Xgy. X, ) and Y = (Yy, Yy, Ygro ¥y )€ R™<.Q CR" is

called geometrically convex set if x,“y,”.....x,“y,” € R" forall xand y where a, 8 € [0,1] with

n
a+pf=1. Let QcR". The function ¢:Q — R," is said to be schur geometrically convex
function on Q if (In X v In xn)< (In Y o In yn) on Q implies @(x) < (y). Lete is said to
be a Schur geometrically concave function on ¢ if and only if — ¢ is Schur geometrically convex.

Definition 2.3.[3,7] The set Q —R" is called symmetric set if xeQ implies px e Q for every

nxn permutation matrix p . The function ¢ : Q — R" is said to be symmetric if every permutation
matrix p;  @(px) = @(x). forall xe Q.

we introduce the ratio of difference of means as follows:

M CAGH (a7 b) — C(a! b) - A(a’ b) M CC4GH (a’ b) _ C(a, b) - Cd (a’ b)
M AH.GH A(a, b) -H e (a’ b) M CyAGH Cd (a’ b) - A(a, b)

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 14



Schur Convexity Condition for Novel Ratio of Difference of Means

C4AGH (a.b) = C,(a,b)—A(a,b) CC4GH (ab) = C(a,b)-C,(a,b)
Muion . A@b)-H,(ab) Muos  A@b)-H,(ab)

C4AGH (a.b) = C,(a,b)—A(a,b) CC4GH (ab) = C(a,b)-C,(a,b)
Muion . A@b)-H,(ab) Muos  A@b)-H,(ab)

Lemma 2.1.[3,7] Let QcR" ¢:Q — R is symmetric and convex function. Then ¢ is Schur

convex on Q.

X X

Lemma 2.2.[9] For a>b>c > d. the function f(X) = where X € (—o0,00) s

X_

i) Convex, if ad —bc >0
ii) Concave if ad —bc <0
iii) Equality holds if ad —bc =0.
Lemma 2.3.[22] Let QcR" be symmetric with non empty interior convex set and let

@:Q— R, be continuous on Q and differentiable on Q° If ¢ is symmetric on Q and for any
on X = (X, Xy, Xgpeeneeen x,) € Q°. Then ¢ is

(i) Schur convex (concave) if s=(x, - xz)(a—(p _0_(/)] > O(S 0).
0%, OX,

(ii) Schur geometrically convex (concave) if s=(Inx, —In xz)[x1 2—(/) — X, 8—¢] > O(S 0).
X

(iii) Schur harmonically convex (concave) if s=(a-— b)(xl2 2—¢ - x22 s_qoj > O(S 0).
Xl X2

3. SCHUR PROPERTIES ON RATIO OF DIFFERENCE OF MEAN

In this section, the Schur, Schur geometric and Schur harmonically convexities on ratio of difference
of mean are established by finding the partial derivatives.

. . Mcc GH .
Theorem 3.1. The ratio of difference of means ——— is

C4AGH
(i) Schur convex.
(ii) Schur geometrically convex.

(iii) Schur harmonically convex is for all a > b.

Mec,on (a,b) = C(a,b)-C,(a,b)

Proof. Let =
M, ac Cqy(a,b) — A(a,b)

2 2 2 2 2
From lemma 2, Consider, f(a,b)=CA-C,*= a” +b (a+bj_ﬂ a“+ab+b
a+b 2 9 a+b
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By finding the partial derivatives of f (a,b) and with simple manipulation gives

of a_g[(a2+ab+b2)a(a+2b)] of _§((a2+ab+b2)b(2a+b)j M

X ¢ Loy
a9 (a+by w7 (a+by

Proof of (i), from eqn (1), we have

o of . (, 8@t+ab+b?’)) . (a®+10ab+b’
_a___(a b)(l 9(a+b)2 j—(a b)( 9(a+b)2 J

2 2
Then s (a—b) & - 01| (a_py[ @ +10ab+b®
9(a+b)

of qj
oa ob

jz 0 forall a &b

This verifies the condition for Schur convexity.

Proof of (ii), from eqgn (1), we have

2 2y (43 _R3 _
adl _p (a2 _pz) 8@ +ab+b ) (e b+ 2ab(a b)) >0forall a &b
da b 9 (a+b)
Thens =(Ina—In b)(ai—bﬂ) =(lna—1In b)a;bs(a4 +b* +14a%’ + 2a°%h + 2ab®) > 0
ga b 9(a+b)

This verifies the condition for Schur geometrically convexity.

Proof of (iii), Asabove we have

>0 for a&b

2 2
of bzq]: (a_p)@ +10ab-+b")

Then s=(a—b) a®*— -
en s=(a {a da b 7 9(a+b)

This verifies the condition for Schur Harmonically convex.

Thus the proof of theorem 3.1 is completed.

. . M CCyGH .
Theorem 3.2. The ratio of difference of means ———— is

AH,GH
(i) Schur convex.
(ii) Schur geometrically convex.

(iii) Schur harmonically convex is forall a>b.

Mec,en (a,b) = C(a,b)-C,(a,b)

Proof: Let =
M .61 A(a,b)-H,(a,b)

From lemma 2, Consider, f (a,b) = CH, — AC,

:[az+b2j(a+b+\/%]_(a+b)g(a2+ab+b2j:@[a+b_2;ab_@j

a+b 3 2 )3 a+b 3 a+b
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By finding the partial derivatives of f(a,b) and with simple manipulation gives

qzx/%(l_(zbz _\/Bj (a .28 \/—jf

oa 3 a+b)’ 2Ja a+b Va

Lo _ab 4ab? 2ab

a6 ({ a_(a+b)2_@J (a+b_?_\/_n @
o of Jab 4a’h 2ab
similarly b%:T[(Zb_m_\/_j (a+b—a——\/_j] (3)

Proof of (i), fromegs (2) & (3) we have

_ of o (a—h) 2 42
Then s=(a— b{aa 6bj (a+b)(m)(4ab+2@(a+b) a b)ZOfora&b.

This verifies the condition for Schur convex.

Proof (ii), from egs (2) & (3) we have

of baf_\/_[2 _Zb_4ab(b—a)J

oa b 6 (a+by

oa ob

Consider,s = (Ina—In b{a%—b%jz(lna—ln b)\/%(j_b)(l+ 2ab Jz 0 for a&b

(a+by

This verifies the condition for Schur geometrically convex.
Proof of (iii), from egs (2) & (3) we have

0f L, of Jab 2ab
——-b"— b) 3a+3b-2vab-——
Ta (a )( ar (a+ b)j

of Vab (a-b) /_

Thens=(a—b) a®*— —b? 3(a’ +b*) +4ab-2vab(a+b)|> 0for a&b
( { oa 6bj 6 (a+ b)( ( ) ( ))

This verifies the condition for Schur harmonically convex.

Thus the proof of theorem 3.2 is completed.

. ) M i
Theorem 3.3. The ratio of difference of means —CACH s

AH,GH
(i) Schur convex.
(ii) Schur geometrically convex.
(iii) Schur harmonically convex is for all a >b.
Proof: Similar argument as discussed in theorem 3.1 and 3.2 gives the proof of theorem 3.3.
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