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Abstract: As we have previously shown in several papers, certain statements of the Galois Theory require to 
make clarifications and disambiguation. An important theorem in the Galois Theory is that whatever be the 
given equation, it is possible to find a rational function y  of its roots so that each root be a rational function 
of y . Examining the results obtained by Galois, we could establish that these are not verified in the case of 
numerical verification. The subsequent contributions, we have found, did not change this consideration. Starting 
from our several previous contributions, we shall present a justified deduction, using for this aim a symbolic 
software for allowing us this analysis.  
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1. INTRODUCTION 
The Galois Theory has been largely developed by him and his followers, among which [1]-[12]. A 
very interesting result was the transform of the polynomial equation belonging to Galois and forming 
the equation called resolvent equation. For the sake of simplicity, as already mentioned, we shall call 
the roots of the given equation as input roots, and those of the transformed equation, i.e. the resolvent 
equation, as output roots. We shall use the notation of [8] and [9] even when referring to Galois 
results, for the sake of uniformity, except the formulae numbering, which will be with Latin numbers. 
According to [1, Lemma II and III], let be the polynomial equation: 

( ) 1
0 1 0,n n

nP x a x a x a−= + + ⋅ ⋅ ⋅ + =                                                                                                   (I) 

the coefficients of which belong to the rational number field Q and has the distinct roots 
[ ]1,ix i n∀ ∈ . Having the roots it is possible to form a function y  of the roots so that no value 

obtained by the permutations, in this function, of the roots, in all possible manners, be equal to each 
other. For instance there is taken: 

,...332211 nAxAxAxAy ++++=                                                                                                       (II) 

where ...,,, 321 AAA are integer numbers. The function y, chosen as above, will have the property that 
all roots of the given equation will be rationally expressed in terms of y . Therefore: 

( );...,,,, 4321 xxxxy Φ= ( ) .0...,,,, 4321 =Φ− xxxxy                                                                       (III) 

Making the product of all binomials above, by permuting all letters, except the first, an equation in y  
will be obtained, and it is called the transform of the given equation, or also the Galois resolvent 
equation. Further, there is written that: 
( ) .0, 1 =Φ xy                                                                                                                                         (IV) 

Hence, any root of the given equation can be expressed in terms of one root of the transformed 
equation, the resolvent. It is obvious that the value of y cannot depend only on 1x , but, what is not 
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mentioned, also of the other quantities existing in the dependence, regardless if there are actually 
constant or not. In the text of Galois no mention is made concerning this circumstance. 

2. THE EQUATIONS SATISFIED BY THE INPUT AND OUTPUT ROOTS OF A POLYNOMIAL 
EQUATION 

We shall present the procedure together with the principle of the program we prepared for this 
purpose in the symbolic language Maple 12. It is to be noted that semicolon is the end of a command 
in Maple, even if any text follows. We shall consider equation (1), for the case      3=n , in order the 
results be simple enough for to be easily followed. 
The equations we shall obtain will be from two sources, the first three equations, those which achieve 
the transformation, according to Galois, also called the Galois resolvent, and the next three equations, 
the Viète relations between the roots and the coefficients of the given equation: 
( ) 1

0 1 0,n n
nf x a x a x a−= + + ⋅ ⋅ ⋅ + =                                                                                                  (1) 

eqn1:= ;1332211 yxxx −α+α+α                                                                                                      (2) 

eqn2 ;: 2312312 yxxx −α+α+α=                                                                                                      (3) 

eqn3:= ;3221113 yxxx −α+α+α                                                                                                      (4) 

eqn4:= ;1321 axxx +++ Here and further on, 1a  is the sum of the roots with changed sign.           (5) 

eqn5:= ;2323121 axxxxxx −++                                                                                                        (6) 

eqn6:= ;3321 axxx +                                                                                                                               (7) 

For to fix the ideas, we shall consider the following values of the given equation: 

;4:;2:;1: 321 === xxx                                                                                                                       (8 a) 

;8:;14:;7: 321 −==−= aaa                                                                                                               (8 b) 

.9:;2:;4: 321 =α=α=α                                                                                                                      (8 c) 

 There remains to choose the values of the coefficients involved in the transformation of the given 
equation. For this purpose, Galois proposed to use only whole numbers (integers). In the chosen case, 
according to Galois, we shall have 6 equations of first degree, with 6 roots of the resolvent equation, 
and one equations of third degree for the three roots corresponding to the given equation. Also, we 
should have a linear dependence between the output and input roots. In order to find such a situation, 
in our preceding analysis [8], we used for the three coefficients of transformation the three roots of 
unity, containing two complex numbers, which permitted to avoid a degree greater than unity. It is 
worth noting that, when using the Galois procedure, it is possible that the unknown coefficient 
appears at a higher power than unity. The places of functions iϕ  are given in [1, p. 53], without a 
precise computational justification. In [12], Edwards wrote, that in his Table, in columns 2, 3, 4, 
Galois, did not use certain parentheses, and Edwards gave an explanation, how could be understood 
the respective table results. 

Table 1. 
Output roots Input roots including three permutations 

1y  111 yx ϕ=  122 yx ϕ=  133 yx ϕ=  

2y  212 yx ϕ=  223 yx ϕ=  231 yx ϕ=  

3y  313 yx ϕ=  321 yx ϕ=  332 yx ϕ=  

Further on, we shall examine several cases, in order to obtain the existing dependence between the 
input and the output roots. 

2.1. First case 

The task is in fact very clear, to establish, the relation existing between an input root and an output 
root. Now, let us find the relations between 1x  and 1y  by a computational procedure. 
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;4:#
;2:#

;1:#

3

2

1

=
=
=

x
x
x

 

;8:#
;14:#
;7:#

3

2

1

−=
=
−=

a
a
a

 

;9:#
;2:#
;4:#

3

2

1

=α
=α
=α

 

 

;:#
;:#
;:#

3221133

3123122

3322111

xxxy
xxxy
xxxy

α+α+α=
α+α+α=
α+α+α=

 

# We have blocked the identifiers above, in order to firstly obtain the general form of needed 
expressions, regardless the numerical values; 

# A very simple solution is the elimination using the next Maple command: 

# =:11w eliminate { } { }( )32 ,,5,4,1 xxeqneqneqn ;                                                                                  (9) 

;:5
;:4

;:1

3133221

1321

1332211

axxxxxxeqn
axxxeqn

yxxxeqn

−++=
+++=

−α+α+α=

 

  

});,{},5 ,4 ,1{eliminate( 32 xxeqneqneqn  

# The program command above will deliver the expressions of 32 , xx , and an expression which 
equated to zero, contains 1x  and 1y . 

# The result is:  

⎭
⎬
⎫

⎩
⎨
⎧

α−α
+α+α+α−

−=
α−α

+α+α−α
=

32

1211211
3

32

1311113
2 , yaxxxyaxxx , 

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

α+α+αα−α+αα+α+α−α+

α+α+α++αα−αα−αα−α+α+α+

αα−αα−

2
32

2
2232213132

2
11211111

2
31

1131121
2
21

2
1

2
131

2
132

2
121

2
1

2
3

2
1

2
2

2
1

2
1

13111211

22 aaayaayayxxa

yxyxxayxxxxxx

xaxa

 

# The function delivering the equation containing the required input root 1x  as a function of the 
output root :441 =y  
# 13111211: xaxaW αα−αα−=  

1131121
2
21

2
1

2
131

2
132

2
121

2
1

2
3

2
1

2
2

2
1

2
1 yxyxxayxxxxxx α+α+α++αα−αα−αα−α+α+α+  

2
32

2
2232213132

2
11211111

2
31 22 α+α+αα−α+αα+α+α−α+ aaayaayayxxa ; 

 
# Given data: 

;8:
;14:
;7:

3

2

1

−=
=
−=

a
a
a
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;9:
;2:
;4:

3

2

1

=α
=α
=α

 

;441 =y  
# Command 

13111211: xaxaW αα−αα−=  

1131121
2
21

2
1

2
131

2
132

2
121

2
1

2
3

2
1

2
2

2
1

2
1 yxyxxayxxxxxx α+α+α++αα−αα−αα−α+α+α+  

2
32

2
2232213132

2
11211111

2
31 22 α+α+αα−α+αα+α+α−α+ aaayaayayxxa ; 

 
# The function delivering the equation containing the required root 1x : 

W:=39 ;1161552 +− xx  

.1
392

116394155155;
39

116
392

116394155155 2

1

2

1 =
⋅

⋅⋅−−
=′=′=

⋅
⋅⋅−+

== xxxx  

2.2. Second case 
 

Now, let us find the relations between 1x  and 2y  by a computational procedure. A very simple 
solution is the elimination using the next Maple command. 

# The first part of the Maple program will be till before the command eliminate, like the previous. The 
rest as below. 

});,{},5 ,4 ,2{eliminate( 32 xxeqneqneqn  
# The result: 

⎭
⎬
⎫

⎩
⎨
⎧

α−α
+α+α+α−

=
α−α

+α+α−α
−=

31

2311312
3

31

2111211
2 , yaxxxyaxxx , 

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

α+α++α+α+α+αα−αα−αα−α+

αα−αα+α+αα−α+α+αα−α+

α+α−

2
32

2
12

2
2

2
1

2
3

2
1

2
2

2
1

2
113211311

2
1321

2
11

2
12131

2
12113122311

2
31

2
131213

211212

2

2

aayxxxxaxaxxa

xayaayaxaxyx

yxyx

 

# The function  delivering the equation containing the required input root 1x  as a function of the 
output root .362 =y  

# W:= 2112122 yxyx α+α−  
2
12131

2
12113122311

2
311321

2
132 2 xayaayaxaxax αα−αα+α+αα−α+α+αα−αα−  

;2
32

2
12

2
2

2
1

2
3

2
1

2
2

2
1

2
113211211

2
1321

2
11 α+α++α+α+α+αα−αα−αα−α+ aayxxxxaxaxxa  

 

# Given data; 

;8:
;14:
;7:

3

2

1
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=
−=

a
a
a

 

;36:
;9:
;2:
;4:
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2

1

=
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=α
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# Command: 

W:= 2112122 yxyx α+α−  

1
2
11

2
12131

2
12113122311

2
311321

2
132 2 xaxayaayaxaxax α+αα−αα+α+αα−α+α+αα−αα−  

2
32

2
12

2
2

2
1

2
3

2
1

2
2

2
1

2
113211211

2
132 α+α++α+α+α+αα−αα−αα− aayxxxxaxax ; 

 
# The function delivering the equation containing the required root 1x :  

;13439173: 2
11 ++−= xxW  

.1
392

134394173173;
39

134
392

134394173173 2

1

2

1 =
⋅

⋅⋅−−
=′=′=

⋅
⋅⋅−+

== xxxx  

2.3.  Third case 

Now, let us find the relations between 3x  and 2y  by a computational procedure. A very simple 
solution is the elimination using the next Maple command: 

# The first part of the Maple program will be till before the command eliminate, like the previous. The 
rest as below. 

});,{},5 ,4 ,2{eliminate( 21 xxeqneqneqn  
# The result: 

,;:;:
32

2213231
2

32

2313331
1

⎭
⎬
⎫

⎩
⎨
⎧

α−α
+α+α+α−

−=
α−α

+α+α+α−
=

yaxxxyaxxx  

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

αα−αα−α+α+α++αα−αα−α+

α+α+αα−αα−α−α+α+α+α+

α+αα

33113211
2
3

2
2

2
3

2
1233

2
2

2
332

2
331

2
32

2
22

2
3

2
3322

2
3212313

2
212322213

2
31

23132
2
1

22

xaxaxxyxyxxa

axaxyxxayxyaxa

yaa

 

 

#Command: 
# The function delivering the equation containing the required input root 3x  as a function of the  
output root .362 =y   

;

22

:#

33113211
2
3

2
2

2
3

2
1233

2
2

2
332

2
331

2
32

2
22

2
3

2
3322

2
3212313

2
212322213

2
31

23132
2
1

xaxaxxyxyxxa

axaxyxxayxyaxa

yaaW

αα−αα−α+α+α++αα−αα−α+

α+α+αα−αα−α−α+α+α+α+

α+αα=⋅

 

 
# Given data 

;8:
;14:
;7:

3

2

1

−=
=
−=

a
a
a

 

 

;36:
;9:
;2:
;4:

2

3

2

1

=
=α
=α
=α

y

 

# Command 

;

22

:

33113211
2
3

2
2

2
3

2
1233

2
2

2
332

2
331

2
32

2
22

2
3

2
3322

2
3212313

2
212322213

2
31

23132
2
1

xaxaxxyxyxxa

axaxyxxayxyaxa

yaaW

αα−αα−α+α+α++αα−αα−α+

α+α+αα−αα−α−α+α+α+α+

α+αα=
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# The function delivering the equation containing the required input root 3x : 

.3917992: 2
33 xxW +−=

 

.
39
23

392
92394179179;4

392
92394179179 2

3

2

3 =
⋅

⋅⋅−−
=′=′=

⋅
⋅⋅−+

== xxxx  

 

The obtained results have been included in Table 2, below. In this table, the factor ijϕ  means the 

values of ix  calculated above in terms of jy . 

Table 2. 

Output roots Input roots including three permutations. 
The first number before the semicolon is the value verified be an input root, 

while the next value is not accepted. 
441 =y  39/116;1111 =ϕ=x  39/23;2212 =ϕ=x  39/23;4313 =ϕ=x  

362 =y  39/116;2222 =ϕ=x  39/23;4323 =ϕ=x  39/134;1121 =ϕ=x  

253 =y  39/116;4333 =ϕ=x  39/23;1131 =ϕ=x  39/116;2232 =ϕ=x  

As already mentioned, for expressing more easily, the roots of the given polynomial will be called 
input roots, and those of the transformed polynomial, i.e. Galois resolvent, output roots. It is worth 
noting that the output roots have not all the same values, because although the input roots are 
constant, but their order, when calculating each output root, is different. The system of equations 
contains 3 input roots and 6 output roots. There follows a set of three equations with three output roots 
and three input roots, and a set also of three equations, with three output roots, different from the 
previous ones, and three input ones, the same as the previous ones. According to Galois, as shown in 
Table 1, all input roots can be obtained from a single output root. However, for knowing any output 
root, it is necessary to know the values of all input roots which by composition yield the output root, 
but just these quantities are not given. They could be obtained by solving the resolvent equation, 
generally difficult, being of a degree greater that the degree of the given equation. 

The coefficients of the given equation being: 8,14;7 −− , it follows that only the results 4,2;1  
satisfy the given equation. To each permutation there corresponds a value of the output root iy . 
If we use successively two different values of the output roots, we shall obtain two sets of the input 
roots, but their order may be different. If the considered polynomial is of a prime degree, and each 
permutation is deduced from the preceding one, then the number of `permutations is equal to its 
degree. 

3. CONCLUSION 
If comparing the results of the two tables, there follows that those given by Galois in Table 1, based 
on certain logical deductions, but not verified, are not clear, their determination requiring a precise 
calculation, as we carried out. However, it is worth noting that the condition of solvability by radicals, 
belonging to Galois, namely the equation be metacyclic, [9, p. 2, 6, 12], is not affected. But, if we are 
interested in the relations among the input and output roots, it is necessary to apply an adequate 
procedure. 
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