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1. INTRODUCTION AND PRELIMINARIES 

Fixed point theory is one of the most dynamic research subject in nonlinear sciences. Regarding the 

feasibility of application of it to the various disciplines, a number of authors have contributed to this 

theory with a number of publications. One of the simplest and most useful results in fixed point theory 

is the Banach fixed point theorem [2]: Let be a complete metric space and T be self mapping of 

X satisfying 

                                       for all                                                            (1.1) 

where  then T has a unique fixed point. A mapping satisfying the condition (1.1) is called 

contraction mapping. As well as, there are a lot of extensions of this famous fixed point theorem in 

metric space which are obtained generalizing contractive condition, there are a lot of generalizations 

of it in different space which has metric type structure. In fact, Banach demonstrated how to find the 

desired fixed point by offering a smart and plain technique. This elementary technique leads to 

increasing of the possibility of solving various problems in different research fields. This celebrated 

result has been generalized in many abstract spaces for distinct operators. In [3], Bakhtin introduced 

b-metric spaces as a generalization of metric spaces. He proved the contraction mapping principle in 

b-metric spaces that generalized the famous Banach contraction principle in metric spaces. Since then, 

several papers have dealt with fixed point theory or the variational principle for single-valued and 

multi-valued operators in b-metric spaces (see [4-8] and the references therein). The study of 

expansive mappings is a very interesting research area in fixed point theory. A mapping satisfying the 

condition  for all  where  is called expansive mapping. In 1984, 

Wang et.al [17] introduced the concept of expanding mappings and proved some fixed point theorems 

in complete metric spaces. In 1992, Daffer and Kaneko [16] defined an expanding condition for a pair 

of mappings and proved some common fixed point theorems for two mappings in complete metric 

spaces. Chintaman and Jagannath [18] introduced several meaningful fixed point theorems for one 

expanding mapping. For more details on expanding mapping and related results we refer the reader to 

[9-21]. 

In this paper, we present some new fixed point, coincidence point and common fixed point theorems 

under various expansive conditions in b-metric spaces. These results improve and generalize some 
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important known results in the literature. Some related results and illustrative some examples to 

highlight the realized improvements are also furnished.  

Throughout this paper    and   will represents the set of real numbers and nonnegative real 

numbers, respectively.  

The following definitions are required in the sequel which can be found in [3-5]. 

Definition 1.1 Let  be a nonempty set,  be a given real number and  be a 

function. We say  is a b-metric on  if and only if for all  the following conditions are 

satisfied: 

(1)  if and only if ; 

(2) ; 

(3) . 

A triplet  is called a b-metric space. Obviously, for , b-metric reduces to metric. 

Definition 1.2 Let  be a sequence in a b-metric space . 

1.  is said to be convergent to , written as  if for each  there 

exists a positive integer  such that, for all , . 

2.  is said to be a Cauchy sequence in  if for each  there exists a positive integer 

 such that, for all , . 

3.  is said to be complete if every Cauchy sequence is a convergent sequence. 

Example 1.3 Let  and define  by . Then  is 

a b-metric with constant . 

Definition 1.4 Let  be a b-metric space and  be a mapping. We say  is a continuous 

mapping at  in , if for any sequence  in X such that  then  

2. MAIN RESULTS 

In this section, we prove some fixed point, common fixed point and coincidence point theorems 

satisfying expansive condition by considering onto mapping and weakly compatible mappings in the 

context of b-metric space. 

We begin with two simple but a useful Lemmas. 

Lemma 2.1 Let  be a sequence in a b-metric space with the coefficient  such that  

                                                                                                               (2.1) 

where  and  Then  is a Cauchy sequence in  

Proof Let . It follows that  

                                  (2.2) 

Now (2.1) and  imply that   

                               (2.3)             

                               

                                

Assume that . Letting ,  is a Cauchy sequence. Also, if  

then  for all  and hence  is a Cauchy sequence in X. By taking limit 

we get . Hence  is a Cauchy sequence in  

Lemma 2.2 Let  be a b-metric space with the coefficient  and let  be a sequence in 

 if  converges to x and also  converges to y, then . That is the limit of  
is unique. 
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Proof- since  and  as  that is  and  By 

using triangular inequality, we have 

                                     

                                                 

By taking limit as , we get  and so  

Theorem 2.3 Let  be a complete b-metric space with the coefficient . Assume that 

 is surjection and satisfies 

                                                                                                                          (2.4) 

  where  Then  has a fixed point. 

Proof;- Let  since T is surjection, then there exists  such that . By continuing 

this process, we get 

                                                                                                              (2.5) 

In case  for some then it is clear that  is a fixed point of T. Now assume 

that   for all n. Consider, 

                                                                                                             (2.6) 

Now by (2.4) and definition of the sequence 

                              

                                                   

And so             

                                                                                  (2.7) 

where  . 

Then by Lemma 2.1,   is a Cauchy sequence. Since  is a complete b-metric space, the 

sequence  in X converges to  so that  

                                                                                                                                  (2.8) 

Since T is onto, there exists  such that  From (2.4), we have  

                                                                                                                  (2.9) 

                                                  

Taking limit as  in the above inequality, we get  

                              

This implies that   

                                                                                                                     (2.10) 

i.e.   as . By Lemma 2.2, we get . Hence  is a fixed point of . Finally, 

assume  is also another fixed point of . From (2.4), we get 

                                                                                                                (2.11) 

                                          

This is true only when  so  Hence  has a unique fixed point in . 

Example 2.4 Let  and let  It is obvious that  is a b-metric on 

 with  and  is complete. Also,  is not a metric on . Define  by 
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Also, clearly   is an onto mapping. Now we consider following cases. 

    Let   then 

                       

                                       

    Let   then 

                                 

                                                                 

                                       

                                       

     Let   then 

                     

                                               

                                                                

                                    

                                    

      Let and  then 

                   

                                              

                                                               

                                    

                                     

                                    

      Let and  then 

                   

                                             

                                                              

                                   

                                    

                                   

      Let  and  then 
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That is  where  The conditions of Theorem 2.3 are 

satisfied and  has a unique fixed point  

Before proving our next result, we prove the following proposition. 

Proposition 2.5 Let  be a b-metric space and let  be a sequence in  such 

that . Then 

                                     

Proof From triangular inequality, 

               

So,  

                                 

Now, motivated by the work in [22], we give the following. 

Let   denote the class of those function  which satisfy the condition 

 where . 

Theorem 2.6 Let  be a complete b-metric space .Assume that the mapping  is 

surjection and satisfies  

                                                                                                         (2.12) 

, where . Then  has a fixed point. 

Proof Let  since T is surjective, choose   such that . Inductively, we can define 

a sequence  such that  

                                                                                                            (2.13) 

In case  for some then it is clear that  is a fixed point of . Now assume 

that      for all n. Consider, 

                                        

Now by (2.12) and definition of the sequence 

                                                                                                          (2.14) 

                                               

                                               

                                               

Thus the sequence  is a decreasing sequence in  and so there exists  such 

that 

                                                                                                                    (2.15) 

Let us prove that  suppose to the contrary that By (2.14) we can deduce that 

                                                                            (2.16) 

By taking limit as  in the above inequality, we have 

                                                                                                           (2.17) 

Hence by definition of , we have 

                                                                                                    (2.18) 

which is a contradiction. That is  we shall show that 
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                                                                                                            (2.19) 

Suppose to the contrary that . 

By (2.12), we have  

                           

                                            

That is,          

By Triangular inequality, we have  

        

                            

Therefore,  

                                            (2.21) 

By taking limit as  in the above inequality, since  and 

 then we obtain 

                                                                                                 (2.22) 

which implies that 

                                                                                    (2.23) 

And so by definition, we have 

                                                                                                    (2.24) 

which is a contradiction. Hence, 

                                     

Hence . So,  is a Cauchy sequence. Since  is a complete b-

metric space, the sequence  in  converges to  so that  

                                                                                                                       (2.25) 

As  is surjective, so there exists  such that  Let us prove that  Suppose to the 

contrary that   Then by (2.12), we have  

                                                                                                                (2.26) 

                                           

By Taking limit as  in the above inequality and applying proposition 2.5, we obtain 

                                             (2.27) 

                                                               

And hence,    

                                                                                                            (2.28) 

which is a contradiction. Indeed,  since  

therefore . Hence . 

Now, we prove the following common fixed point theorem, which is generalization of Theorem 2.2 of 

W. Shatanwi and F. Awawdeh [23] in the setting of b-metric space. 
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Theorem 2.7 Let  be two surjective mappings of a complete b-metric space  with the 

coefficient  Suppose that  and  satisfying inequalities  

                                                                                        (2.29) 

                                                                                       (2.30) 

for  and some nonnegative real numbers  and k with  and 

.. If  or  is continuous, then and  have a common fixed point in  

Proof Let  be an arbitrary point in . Since  is surjective, there exists  such that  

Also, since S is surjective, there exists  such that . Continuing this process, we 

construct a sequence  in  such that 

                                              and                                                     (2.31) 

for all , Now for , by (2.29) we have 

                         

Thus, we have 

                                

which implies that  

                    

Hence  

                                                                                            (2.32) 

On other hand, we have (from (2.30))  

                

Thus we have  

                            

which implies that  

                    

Hence  

                                                                                                (2.33) 

Let  

Then by combining (2.32) and (2.33), we have 

                                                                                                          (2.34) 

where . 

Then by Lemma 2.1,  is Cauchy sequence in the complete b-metric space. Then there exists 

 such that  as . Therefore  and  as . Without loss 

of generality, we may assume that  is continuous, then as . But 

 as .Thus, we have  since is surjective, there exists  such that 

 Now 

                                             

implies that 
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Then . Since , we conclude that  so  Hence 

 Therefore  is a common fixed point of  and . 

Bt taking  in theorem 2.7, we have the following result. 

Corollary 2.8 Let  be two surjective mappings of a complete b-metric space  with the 

coefficient  Suppose that  and  satisfying inequalities  

                                                                                        (2.29) 

                                                                                       (2.30) 

for  and some nonnegative real numbers  and k with  .  If  or  is 

continuous, then and  have a common fixed point in  

By taking  in Corollary 2.8, we have the following Corollary. 

Corollary 2.9 Let  be a surjective mappings of a complete b-metric space  with the 

coefficient  Suppose that  satisfying inequality  

                                                                                       (2.29) 

for  and some nonnegative real numbers  and k with  .  If  is continuous, 

then has a fixed point in  

Now, we present an example to illustrate the usability of Corollary 2.9. 

Example 2.10 Let  and define  by  Then  

is a complete b-metric space with . Define  by . Then  has a fixed point. 

Proof Note that   

                              

                                                     

                                                           

                                                     

                                                     

                                                     

                                                     

                                                    

for all  Here  and . Clearly . 

Also  is surjection on . Thus  satisfies all the hypotheses of Corollary 2.9 and hence  has a fixed 

point. Here  is the fixed point of . 
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