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Abstract: Let G(V, E) be a graph of order n and sizem . A e-labeling of G isa one-to-one function
f :V(G) = {0,1,2,...,m} that induces a labeling f* :E(G)— {1,2,3,...,m*} of the edges of G
defined by f *(uv) =| [f(u)]* —[f(V)]* | for every edge UV of G . The value of a e-labeling is
denoted by e-val (f) = Z f "(uv). The maximum value of a e-labeling of G is defined by e-valyq

uvekE
(G)=max{eval (f): f is a e-labelingof G }, while the minimum value of a e-labeling of G is

defined by e-valyi,(G ) = min{e-val( f ) : f is a e-labeling of G }. In this paper, we investigate the e-
valyin(G ) and e-valya(G ) of fan f,_, and (n—1)-star B

n-1,n-1 *
Keywords: e-labeling , maximum value , minimum value.
Mathematical subject classification (2010) 05C78

1. INTRODUCTION

All graphs in this paper are finite, simple and undirected graphs. Let G(V,E) be a graph with

P=|V(G)| vertices and =| E(G)| edges. Graph labeling, where the vertices are assigned

values subject to certain conditions. By graph labeling we mean the vertices and edges are
assigned real values or subsets of a set are subject to certain conditions. A detailed survey of
graph labeling can be found in [3]. Terms not defined here are used in the sense of Harary in [2].
The concept of e-labeling was first introduced in [5] and some results on e-labeling of graphs are
discussed in [5]. In this paper we investigate some more graphs for e-labeling. of We use the
following definitions in the subsequent sections.

Definition 1.1[5]: Let G(V,E) be a graph of order N and size m . A e-labeling of G isa one-
to-one function f :V(G)—> {0,1,...,m} that induces a labeling f* :E(G) — {1,2,3,...,m*} of
the edges of G defined by f " (uv)=| [f(u)]* =[f(v)]* | for every edge UV of G . The value
of a e-labeling is denoted by e-val ()= Z f "(uv). The maximum value of a e-labeling of

uveE

G is defined by e-valy, (G)=max{eval (f): f is a e-labeling of G }, while the
minimum value of a e-labeling of G is defined by e-valy,(G ) = min{e-val( f): f is ae-
labeling of G }.

Definition 1.2 [1]: For a graph G of order N and size M, a y-labeling of G is a one-to-one
function f :V(G)— {0,1,...,m} that induces a labeling f : E(G) — {1,2,3,...,m} of the edges
of G defined by f (uv)=| [f(u)]—=[f(v)]|for each edge uv of G. Each y-labeling f of a
graph G of order N and size Mis assigned a value denoted by val( f) and defined by
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val( )= Zf'(uv). The maximum value of a y-labeling of graph G is defined by

uveE
valn(G) = max{val(f): f isa y-labeling of G} , while the minimum value of a 7-
labeling of G is defined by valyi,(G )=min{ val( f ): f isa y-labeling of G } .

Definition 1.3.[3]: The fan f (N> 2) is obtained by joining all nodes of P, to a further node

called the center and contains N +1 nodes and 2N —1 edges.

Definition 1.4.[3]: The N -bistar graph B, is the graph obtained from two copies of K, by

joining the vertices of maximum degree by an edge.
2. MAIN RESULTS
Theorem 2.1: Let f,_, be a fan graph. For every even integer N > 4,
n’+3n° —8n+4
2 .
Proof: Let f, , beafangraph. Let V(f ,)={v, :1<i<n}.

e-valyn (f, ) =

Let E(f, ) ={vv,, :1<i<n-2 ;vyv, :1<i<n-—1}.Thensize m=2n-3.

Define a e-labeling f from V(. ) to {0,12,...2n—3} by f(v.)=i—1 if lsisg;

F Vo) = (n ZZI) if 1<i< (n_;Z) and f(v,)= g .Let " be the induced edge

2

labeling of f . The induced edge labels of f | by f™ areas follows: (v v,, )=2n;

2 2
f+(ViVi+1):2i—1 if léig(n;2); f*(v(mzi)v(mzm)):n+1+2i iflSiSM;
2 2

f+(vivn):(n—2+2|)(n+2—2|) if 1g|gﬂ’

4 2
frv (n+2i) V,) = (n+Di if 1<i< (n 2)

2
n-2 n-4 n
( ] [ ] U(n 2+2i)(n+2-2i)

Then e-valpa (f, ) = Z(2|—1)+ Z(n+1+|)+z ”

i8]

)
3 2
. (n+i)i+2n _n +3n 8n+4‘
i=1

- 4

Theorem 2.2: Let f, , be a fan graph. For every odd integer N > 5,

n’+3n>-9n+5
2 :
Proof: Let f, , beafangraph. Let V(f ,)={v, :1<i<n}.

e-valyn (f, ) =

Let E(f, ) ={vv,, 1<i<n-2;vv, :1<i<n-1}.Thensize m=2n-3.

i+1
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Define a e-labeling f from V(f ) to {0,1,2,....2n =3} by f(v;)=i—-1if 1<i< (nz—l) ;

f(vM):Mif 1<ic @D gty (0D

2

Let f* be the induced edge labeling of f . The induced edge labels of f by f "areas

follows: (v, Vi) =20=1); F7 (v, ) =2i-1 if 1<i< (n—3);
2 2
5V oaan Vinerean ) =N+ 20 if1<i < (n-3),
(a2 Vgnstszi

f+(vivn)=(n—3+2|)(n+1—2|) f1eic@=D.
4 2

£ W) = (0-1+)i it 15i< 020

2

ns s -
[z) (2 [2j(n_3+2i)(n+1_2i)

Then e-valyy (f, )= > Qi-D+ Y. (n+i)+ 1

)

3 2
S (n=1+i)it2n_1) =30 =9N+S
i=1

4

Example 2.3: The minimum e-labeling of fan f, is shown in the Figure-1.

,.

Figure-1

Remark:2.4: From the above example 2.3, observed that e-valyi,( f,)=161.
Theorem 2.5: Let f, , be a fan graph. For every even integern > 4,

65n° —285n% —418n—204
12 '

Proof: Let f, , beafangraph. Let V(f ,)={v,:1<i<n}.

e-valy (f, ) =

Let E(f, ) ={vyv,, :1<i<n-2;vy, :1<i<n-1}.Thensizem=2n-3.

Define a e-labeling f from V(f ) to {0,1,2,....2n =3} by f(v,, ,)=i—-11if 1<i< %;
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f(v,)=2n-3—i if 1sis(”;2)

labeling of f . The induced edge labels of f, , by f ™ areas follows:

b

F(Vy Vy) = (2N —4)(2n—2-2i) if 1<i< (”;2)

£ (VyVy) = 2 —3)2n—3-2i) if 1<i< "2

[\S)

Fr(v, v)=(n—4+20)2n-2-0) if 1<i<?

b

\9}

fr(v,v,)=@n-6-i)i if 1sis(”—;2).

) )

Then e-valne (f, ) = 22: (2n—4)(2n-2-2i)+ > (2n-3)(2n—3-2i)

5 e

+.(2n-4+2i)(2n-2-i)+ D (4n-6-i)i

65n° —285n? —418n—204
12 '

Theorem 2.6: Let f, , be a fan graph. For every odd integer N> 5,

e-valyx (f, ) =

65n° —297n* —457n - 237
12 '

Proof: Let f,_, beafangraph. Let V(f ,)={v, :1<i<n}.

Let E(f, ) ={vv,, :1<i<n-2;vyv, :1<i<n-1}.Thensize m=2n-3.

Define a e-labeling f from V(f ) to {0,1,2,...,.2n -3} by f(v,)=2n-3;

f(vy ) =i-1if léis(nz_l)andf(vzi)=2n—3—i if 1sis—(n2_1) .

Let f* be the induced edge labeling of f .

The induced edge labels of fn_l by f* areas follows:
Fr (v, V) = (2N —4)2n—2-2i) if 13ig@;
F (v, Vy,) = (2N =3)(2N—=3=2i) if 1<] g(”T‘Z‘);

F (v, V) = (2N =4+ 2020 =2—1) if 1<i s@

Fr v,V )= (dn—6-D)i if 1sis@.
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g 2

Then e-valy () = 22: (2n-4)(2n-2-2i)+ > (2n-3)(2n -3 -2i)

) )

+ > (2n-4+2)2n-2-i)+ > (4n-6-i)i

i=1

65n° —297n* —457n - 237
12 '

Example 2.7: The maximum e-labeling of fan f, is shown in the Figure-2.

11

Figure-2
Remark:2.8:From the above example 2.7, observed that e-valy.( f 6 ) =892.

Theorem 2.9: Let B be a (N —1)-bistar. Then for every integer N > 3,

n-1,n-1

e-valma (B, ) =2n° =2n® +3n-1.

Proof: Let B bea (N—1)-bistar. Let V(B, ) =1{u;,v; :1<i<n}.

n-1,n-1
Let E(B,, ) ={uu, :1<i<n-1;vyv :1<i<n-1;u,v, }.Thensize m=2n-1.
Define a e-labeling f from V(B, ) to {0,1,2,....2n—1} by f(u)=i-11if 1<i<n;

f(v)=n+i if 1<i<(n-1); f(v,)=n. Let " be the induced edge labeling of f .
The induced edge labels of f , by f* areas follows: f " (u,v,)=2n-1;

fruu)=mn=-2+i)n-i) if I<i<-=1); f vy, )=@n+i)i if 1<i<(n-1).
Then e-Valpin (B, ;1 1) = (ni) (N—2+i)(n—i)+ (nf @2n+i)i+(2n-1)

=2n°-2n* +3n-1.
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Example 2.10: The minimum e-labeling of 4-bistar B, , is shown in the Figure-3.

] 6
1 7
4 5
2 8
3 9
Figure-3

Remark:2.11: From the above example 2.10, observed that e-valyix( B, ,) =189.

Theorem 2.12: Let B be a (N —1)-bistar. Then for every integer N > 3,

n-1,n-1
16n* —30n* +26n-9

3 :
bea (N—1)-bistar. Let V(B, ) =1{u;,v; :1<i<n}.

e-valnx (B n-1,n-1 )=

Proof: Let B,

Let E(B, ) ={uu, :I<i<n-1;vyv :1<i<n-1;uyv, }.

Then size M=2n-1. Define a e-labeling f from V(B ) to {0,,2,.,2n-1}
f(u)y=2i-2if 1<i<n; f(v,)=2i-11if 1<i<n.
Let f* be the induced edge labeling of f .
The induced edge labels of f |, by f* areas follows:
f (uyv,)=4n-3;
Fruu)=4(n—2+in—i) if 1<i<n-1);
Fr(vv ) =4(n—1+i)(n—i) if 1<i<(n-1).
(n=1) (n=D)

Then e-valu (B, ) = D, 4(N—=2+i)(n—i)+ D 4n—1+i)(n—i)+(4n-3)

16n° —30n* +26n-9
3 .

Example 2.13: The maximum e-labeling of 5-bistar By s is shown in the Figure-4.

0 1

2 3

. 10 11 o

6 7

8 9
Figure-4
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Remark: 2.14: From the above example 2.13, observed that e-val . ( BS,5 ) =841.

3. CONCLUSION

In this paper, we have investigated the maximum and the minimum values of e-labeling of fan
and n-bistar graphs. We have planned to investigate the maximum and the minimum values of e-
labeling of cycle related graphs in the next paper.
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